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PREFACE. 

In preparing this second edition for press I have altered as 
slightly as possible those portions of the work which were 
written entirely by Prof. Kelland. The mode of presentation 
which he employed must always be of great interest, if only 
from the fact that he was an exceptionally able teacher ; but 
the success of the work, as an introduction to a method which 

■ is now rapidly advancing in general estimation, would of itself 

j have been a sufficient motive for my refraining from any 

i serious alteration. 

A third reason, had such been necessary, would have pre- 
sented itself in the fact that I have never considered with the 
necessary care those metaphysical questions connected with 
the growth and development of mathematical ideas, to which 
my late venerated teacher paid such particular attention. 
My own part of the book (including mainly Chap. X. and 

f worked out Examples 10 — 24 in Chap. IX.) was written 
hurriedly, and while I was deeply engaged with work of a very 
different kind ; so that I had no hesitation in determining to 

^ re-cast it where I fancied I could improve it. 

P. G. TAIT. 

Uniyebsity of Edinbxtboh, 
November, 1881. 



PREFACE TO THE FIRST EDITION. 



The present Treatise is, as the title-page indicates, the joint 
production of Prof. Tait and myself. The preface I write 
in the first person, as this enables me to oflFer some personal 
explanations. 

For many years past I have been accustomed, no doubt 
very imperfectly, to introduce to my class the subject of 
Quaternions as part of elementary Algebra, more with the 
view of establishing principles than of applying processes. 
Experience has taught me that to induce a student to think 
for himself there is nothing so effectual as to lay before him 
the different stages of the development of a science in some- 
thing like the historical order. And justice alike to the 
student and the subject forbade that I should stop short at 
that point where, more simply and more effectually than at 
any other, the intimate connexion between principles and pro- 
cesses is made manifest. Moreover, in lecturing on the ground- 
work on which the mathematical sciences are based, I could 
not but bring before my class the names of great men who 
spoke in other tongues and belonged to other nationalities 
than their own — Diophantus, Des Cartes, Lagrange, for in- 
stance — and it was not just to omit the name of one as 
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great as any of them, Sir William Rowan Hamilton, w 
spoke their own tongue and claimed their own nationalitk 
It is true the name of Hamilton has not had the imprej 
of time to stamp it with the seal of immortality. And it 

must be admitted that a cautious policy which forbids io 

I, 

wander from the beaten paths, and encourages converse 
with the past rather than interference with the present, is 
the true policy of a teacher. But in the case before us, 
quite irrespective of the nationality of the inventor, there 
is ample ground for introducing this subject of Quaternions 
into an elementary course of mathematics. It belongs ta 
first principles and is their crowning and completion. It 
brings those principles face to face with operations, and thus 
not only satisfies the student of the mutual dependence of 
the two, but tends to carry him back to a clear apprehension 
of what he had probably failed to appreciate in the sub- 
ordinate sciences. 

Besides, there is no branch of mathematics in which 
results of such wide variety are deduced by one uniform 
process; there is no territory like this to be attacked 
and subjugated by a single weapon. And what is of the 
utmost importance in an educational point of view, the 
reader of this subject does not require to encumber his 
memory with a host of conclusions already arrived at inp 
order to advance. Evejy problem is more or less self 
contained. This is my apology for the present treatise. 

The work is, as I have said, the joint production 
of Prof. Tait and myselt The preface I have written 
without consulting my cplleague, as I am thus enabled! 
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to say what could not otherwise have been said, that 
mathematicians owe a lasting debt of gratitude to Pi'of. 
Tait for the singleness of purpose and the self-denying 
zeal with which he has worked out the designs of his 
friend Sir Wm. Hamilton, preferring always the claims of 
the science and of its founder to the assertion of his own 
power and originality in its development. For my own 
part I must confess that my knowledge of Quaternions 
is due exclusively to him. The first work of Sir Wm. 
Hamilton, Lectures on Quaternions, was very dimly and im- 
perfectly understood by me and I dare say by others, until 
Prof. Tait published his papers on the subject in the 
Messenger of Mathematics. Then, and not till then, did 
the science in all its simplicity develope itself to me. Sub- 
sequently Prof. Tait has published a work of great value 
and originality, An Elementary Treatise on Quaternions, 

The literature of the subject is completed in all but 
what relates to its physical applications, when I mention in 
addition Hamilton's second great work, Elements of Quater- 
nions, a posthumous work so far as publication is concerned, 
but one of which the sheets had been corrected by the 
author, and which bears all the impress of his genius. But 
it is far from elementary, whatever its title may seem to 
y imply; nor is the work of Prof. Tait altogether free from 
diflSculties. Hamilton and Tait write for mathematicians, 
and they do well, but the time has come when it behoves 
some one to write for those who desire to become mathe- 
maticians. Friends and pupils have urged me to undertake 
•this duty, and after consultation with' Prof. Tait, who from 
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being my pupil in youth is my teacher in riper years, 
I have, in conjunction with him, and drawing unreservedly 
from his writings, endeavoured in the first nine chapters 
of this treatise to illustrate and enforce the principles of 
this beautiful science. The last chapter, which may be 
regarded as an introduction to the application of Quater- 
nions to the region beyond that of pure geometry, is due 
to Prof. Tait alone. Sir W. Hamilton, on nearly the last 
completed page of his last work, indicated Prof. Tait as 
eminently fitted to carry on happily and usefully the appli- 
cations, mathematical and physical, of Quaternions, and as 
likely to become in the science one of the chief successora 
of its inventor. With how great justice, the reader of this 
chapter and of Prof. Tait's other writings on the subject 
will judge. 

PHILIP KELLAND. 

Universitt op Edinbuboh, 
October, 1873. 



I 

il 



CONTENTS. 



CHAPTER L 

PA0B8 

Jntboductoby 1 — 5 



CHAPTER II. 

Vectob Addition and Subtraction 6 — 31 

Definition of a yectob, with ooncluBions immediately resulting 
tiierefrom. Art. 1 — 6 ; examples, 7 ; definition of unit yectob and 
TENSOBy with examples, 8; coplanarity of three coinitial vectors, 
with conditions requisite for their terminating in a straight line, 
and examples, 9 — 13 ; mean point, 14 

Additional Examples to Chapter IL 



CHAPTER in. 
Vectob Multiplication and Division 32 — 58 

Definition of multiplication, and first principles, Art. 15 — 18 ; 
fundamental theorems of multiplication, 19 — 22; examples, 23; 
I definitions of division, vEBSOsand quaternion, 24 — 28; examples, 
129; conjugate quaternions, 30; interpretation of formulsB, 31. 

Additional Examples to Chapter IIL 



Xll CONTENTS. 

CHAPTEB IV. 

PAGER 

The Stbaioht Line and Flake 59 — 72 

Equations of a straight line and plane, 32, 88; modifications and 
results — ^length of perpendicular on a plane — condition that four 
points shall lie in the same plane, &o. 34; examples, 85. 

Additional Examples to Chapteb IY. 



CHAPTEB V. * 
The Cibcle and Sphere 73—90 

Equations of the circle, with examples, 36, 87; tangent to circle 
and chord of contact, 38, 39; examples, 40 ; equations of the sphere, 
with examples, 41, 42. 

Additional Examples to Chapter Y. 



CHAPTEB VL 

The Ellipse 91—105 

Equations of the ellipse, 43 ; properties of 0/>, 44 ; equation of 
tangent, 45; Cartesian equations, 46; <p'^p, ^p, &o. 47; properties 
of the ellipse, with examples, 48 — 50. 

Additional Examples to Chapteb VI. 






CHAPTEB VIL 

The Fababola and Htpebbola 106—127 

Equation of the parabola in terms of 4>pt with examples, 52 — 54; 
equations of the parabola,, ellipse and hyperbola in a form corre- 
sponding to those with Cartesian co-ordinates, with examples, 55. f { 



Additional Examples to Chapteb VII. 



*i 



^ CONTENTS. xm 

CHAPTEB Vm. 

PAGES 

Gentbal Subfaces of the Second Okdeb 128 — 153 

Equation of the ellipsoid, 56; tangent plane and perpendicular 
on it, 57, 58; polar plane, 59, 60; conjugate diameters and diame- 
tral planes, with examples, 60 — 64 ; the cone, 65, 66 ; examples on 
central surfaces, 67; Pascal's hexagram, 68 

Additional Exaufles to Chapteb YIIL 



CHAPTEB IX. 

FOBMXTIiiE AND THEIB APPLICATION 154 — 181 

FormulsB, 69, 70; examples, 71. 

Additional Examples to Chapteb DC. 



CHAPTER X. 
Yectob Equations of the Fibbt Degbee 182 — 212 

Appendix . . 218—232 



INTRODUCTION TO QUATERNIONS. 



CHAPTER I. 

INTRODUCTORY. 

The science named Quaternions by its illustrious founder, Sir 
William Rowan Hamilton, is the last and the most beautiful ex- 
ample of extension by the removal of limitations. 

The Algebraic sciences are based on ordinary arithmetic, start- 
ing at first with all its restrictions, but gradually freeing themselves 
from one and another, until the parent science scarce recognises 
itself in its ofis[)ring. A student will best get an idea of the thing 
by consideiing one case of extension within the science of Arith- 
metic itself. There are two distinct bases of operation in that 
science— addition and multiplication. In the infancy of the science 
the latter was a mere repetition of the former. Multiplication was, 
in fact, an abbreviated form of equal additions. It is in this form 
that it occurs in the earliest writer on arithmetic whose works have 
come down to us — Euclid. Within the limits to which his prin- 
ciples extended, the reasonings and conclusions of Euclid in his 
seventh and following Books are absolutely perfect. The demon- 
stration of the rule for finding the greatest common measure of 
two numbers in Prop. 2, Book VII. is identically the same as that 
which is given in all modern treatises. But Euclid dares not 
venture on fractions. Their properties were probably all but un- 
known to him. Accordingly we look in vain for any demonstration 
of the properties of fractions in the writings of the Greek arith- 
meticians. For that we must come lower down. On the revival 

T.Q. \ 
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of science' in the "West, we are presented with categorical treatises 
on arithmetic. The first printed treatise is that of Lucas de Burgo 
in 1494. The author considers a fraction to be a quotient, and 
thus, as he expressly states, the order of operations becomes the 
reverse of that for whole numbers — multiplication precedes addi- 
tion, etc. In our own country we have a tolerably early writer on 
arithmetic, Robert Record, who dedicated his work to King Edward 
the Sixth. The ingenious author exhibits his treatise in the form 
of a dialogue between master and scholar. The scholar battles 
long with this difficulty — that multiplying a thing should make it 
less. At first, the master attempts to explain the anomaly by 
reference to proportion, thus : that the product by a fraction bears 
the same proportion to the thing multiplied that the multiplying 
fraction does to unity. The scholar is not satisfied ; and accord- 
ingly the master goes on to say : "If I multiply by more than one, 
the thing is increased ; if I take it but once, it is not changed; and 
if I take it less than once, it cannot be so much as it was before. 
Then, seeing that a fraction is less than one, if I multiply by a 
fraction, it follows that I do t^ke it less than once", eta The 
scholar thereupon replies, "Sir, I do thank you much for this 
reason ;• and I trust that I do perceive the thing". 

Need we add that the same difficulty which the scholar in the 
time of King Edward experienced, is experienced by every thinking 
boy of our own times; and the explanation affiDrded him is precisely 
the same admixture of multiplication, proportion, and division which 
suggested itself to old Robert Record. Every schoolboy feels that 
to multiply by a fraction is not to multiply at fill in the sense in 
which multiplication was originally presented to him, viz. as an 
abbreviation of equal additions, or of repetitions of the thing multi- 
plied. A totally new view of the process of multiplication has 
insensibly crept in by the advance from whole numbers to fractions. 
So new, so different is it, that we are satisfied Euclid in his logical 
and unbending march could never have attained to it. It is only 
by standing loose for a time to logical accuracy that extensions in 
the abstract sciences — extensions^ at any rate which stretch froni 
one science to another — aite effected. Thus Diophantus in his 
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Treatise on Arithmetic (i.e. Arithmetic extended to Algebra) 
boldly lays it down as a definition or first principle of his science 
that 'minus into minus makes plus*. The science he is founding 
is subject to this condition, and the results must be interpreted 
consistently with it. So far as this condition does not belong to 
ordinary arithmetic, so far the science extends beyond ordinary 
arithmetic : and this is the distance to which it extends — It makes 
subtraction to stand by itself, apart from addition; or, at any rate, 
not dependent on it. 

We trust, then, it begins to be seen that sciences are extended 
by the removal of barriers, of limitations, of conditions, on which 
sometimes their very existence appears to depend. Fractional 
arithmetic was an impossibility so long as multiplication was re- 
garded as abbreviated addition ; the moment an extended idea was 
entertained, ever so illogically, that moment fractional arithmetic 
started into existence. Algebra, except as mere symbolized arith- 
metic, was an impossibility so long as the thought of subtraction 
was chained to the requirement of something adequate to subtract 
from. The moment Diophantus gave it a separate existence — 
boldly and logically as it happened — by exhibiting the law of vainus 
in the forefront as the primary definition of his science, that moment 
algebra in its higS>^st form became a possibility ; and indeed the 
foundation-stone "^s no sooner laid than a goodly building arose 
on it. 

The examples we have given, perhaps from their very simplicity, 
escape notice, but they are not less really examples of extension 
from science to science by the removal of a restriction. We have 
selected them in preference to the more familiar one of the extension 
of the meaning of an index, whereby it becomes a logarithm, because 
they prepare the way for ia further extension in the same direction 
to which we are presently to advance. Observe, then, that in frac- 
tions and in the rule of signs, addition (or subtraction) is very 
slenderly connected with multiplication (or division). Arithmetic 
as Euclid left it stands on one support, addition only, inasmuch 

£' s with him multiplication is but abbreviated addition. Arithmetic 
1 its extended form rests on two supports, addition and multiplica- 
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tion, the one different from the other. This is the first idea we 
want our reader to get a firm hold of ; that multiplication is not 
necessarily addition, but an operation self-contained, self-interpret- 
able — springing originally out of addition ; but, when fiill-grown, 
existing apart from its parent. 

The second idea we want our reader to fix his mind on is this, 
that when a science has been extended into a new form, certain 
limitations, which appeared to be of the nature of essential truths 
in the old science, are found to be utterly untenable ; that it, is, in 
fact, by throwing these limitations aside that room is made for the 
growth of the new science. We have instanced Algebra as a growth 
out of Arithmetic by the removal of the restriction that subtraction 
shall require something to subtract from. The word ^subtraction- 
may indeed be inappropriate, as the word multiplication ap- 
peared to be to Record's scholar, who failed to see how the multi- 
plication of a thing could make it less. In the advance of the 
sciences the old terminology often becomes inappropriate ; but if 
the mind can extract the right idea from the sound or sight of a 
word, it is the part of wisdom to retain it. And so all the old words 
have been retained in the science of Quaternions to which we are 
now to advance. 

The fundamental idea on which the scien^^is based is that of 
motion — of transference. Real motion is indeed not needed, any' 
more than real superposition is needed in Euclid's Geometry. An 
appeal is made to mental transference in the one science, to mental 
superposition in the other. 

We are then to consider how it is possible to frame a new science 
which shall spring out of Arithmetic, Algebra, and Geometry, and 
shall add to them the idea of motion — of transference. It must be 
confessed the project we entertain is not a project due to the 
nineteenth century. The Geometry of Des Cartes was based on 
something very much resembling the idea of motion, and so far the 
mere introduction of the idea of transference was not of much value. 
The real advance was due to the thought of severing multiplicatior , 
from addition, so that the one might be the representative of a kind. 
" motion absolutely different from that which was represented b} 
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the other, yet capable of being combined with it. What the nine- 
teenth century has done, then, is to divorce addition from multipli- 
cation in the new form in which the two are presented, and to 
cause the one, in this new character, to signify motion forwards 
and backwards, the other motion round and round. 

We do not purpose to give a history of the science, and shall 
accordingly content ourselves with saying, that the notion of sepa- 
rating addition from multiplication — ^attributing to the one, motion 
from a poiut, to the other motion about a point — had been floating 
in the minds of mathematicians for half a century, without producing 
many results worth recording, when the subject fell into the hands 
of a giant. Sir William Rowan Hamilton, who early found that his 
road was obstructed — ^he knew not by what obstacle — so that many 
points which seemed within his reach were really inaccessible. He 
had done a considerable amount of good work, obstructed as he was, 
when, about the year 1843, he perceived clearly the obstruction to 
his progress in the shape of an old law which, prior to that time, 
had appeared like a law of common sense. The law in question is 
knowu as the commutative law of multiplication. Presented in its 
simplest form it is nothing more than this, * five times three is the 
same as three times five'; more generally, it appears under the 
form of ^ab = ha whatever a and b may represent*. When it 
came distinctly into the mind of Hamilton that this law is not a 
necessity, with the extended signification of multiplication, he saw 
his way clear, and gave up the law. The barrier being removed, 
he entered on the new science as a warrior enters a besieged city 
through a practicable breacL The reader will find it easy to enter 
after him. 



CHAPTER II. 

VECTOR ADDITION AND SUBTRACTION. 

1, Definition of a Vector. A vector is the representative of 
transference through a given distance, in a given direction. Thus 
if ii^ be a straight line, the idea to be attached to * vector AB ' is 
that of transference from A to B, 

For the sake of definiteness we shall frequently abbreviate the 
phrase * vector AB ' by a Greek letter, retaining in the meantime 
(with one exception to be noted in the next chapter) the English 
letters to denote ordinary numerical quantities. 

If we now start from B and advance to (7 in the same direction, 
BC being equal to -45, we may, aa in ordinary geometry, designate 
'vector BC^ by the same symbol, which we adopted to designate 
* vector AB,* 

Further, if we start from any other point in space, and 
advance from that point by the distance OX equal to and in the 
same direction as ABy we are at liberty to designate * vector OX* 
by the same symbol as that which represents AB, 

Other circumstances will determine the starting point, and in- 
dividualize the line to which a specific vector corresponds. Our 
definition is therefore subject to the following condition : — All lines 
which are equal and drawn in the same direction are represented hy 
the same vector symbol. 

We have purposely employed the phrase * drawn in the same \ 
direction' instead of * parallel,* because we wish to guard the 
Rtudent against confounding * vector AB * with * vector BA* 
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2, In order to apply algebra to geometry, it is necessary to 
impose on geometry the condition that when a line measured in 
one direction is represented .by a positive symbol, the same line 
measured in the opposite direction must be represented by the cor- 
responding negative symbol. 

In the science before us the sa^ne co;adition is equally requisite, 
and indeed the reasoi;! for it is even mo^re manifest. For if a 
transference from -4 to 5 be represented by + a, the transference 
which neutralizes this, and brings us back again to A, cannot be 
conceived to be represented by anything but —a, provided the 
, symbols + and — are to retain any of their old algebraic meaning. 
The vector AB, then, being represented by + a, the vector BA will 
be represented by - a. 

3, Further it is abundantly evident that so far as addition and 
subtraction of parallel vectors are concerned, all the laws of Algebra 
must be applicable. Thus (in Art. 1) AB + BC or a + a produces 
the same result as -4(7 which is twice as great as AB, and is there- 
fore properly represented by 2a ; and so on for all the rest. The 
distribiUive law of addition may then be assumed to hold in all its 
integrity so long at least as we deal with vectors which are parallel 
to one another. In fact there is no reason whatever, sq far, why 
a should not be treated in every respect as if it were an ordinary 
algebraic quantity. It need scarcely be aidded that vectors in the 
same direction have the same proportion as the lines which corre- 
spond to them. 

We have then advanced to the following — 

Lemma. All lines dratvn in tlie same direction are, as vectors, 
to be represented hy numerical multiples of one and the same 
symbol, to which tJie ordinary laws of Algebra, so far as their addi- 
tion, subtraction, and numerical multiplication are concerned, may 
he unreservedly applied. 

4, The converse is of course true, that if lines as vectors are 
. represented by multiples of the same vector symbol, they are 
I parallel 
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It is only necessary to add to what has preceded, that if BC be 
a line not in the same direction with ^^^ 

ABy then the vector BO cannot be 
represented by a or by any (arith- 
metical) multiple of a. The vector A B 
symbol a must be limited to express transference in a certain 
direction, and cannot, at the same time, express transference in 
any other direction. To express 'vector BC^ then, another and 
quite independent symbol P must be introduced. This symbol, 
being united to a by the signs + and — , the laws of algebra will, 
of course, apply to the combination. 

• 

5. If we now join AC, and thus form a triangle ABC, and if 
we denote vector -4^ by a, BC by )S, AC by y, it is clear that we 
shall be presented with the equation a + )S = y. 

This equation appears at first sight to be a violation of Euclid I. 
20 : " Any two sides of a triangle are together greater than the 
third side". But it is not really so. The anomalous appearance 
arises from the fact that whilst we have extended the meanins: of 
the symbol + beyond its arithmetical signification, we have said 
nothing about that of a symbol = . It is clearly necessary that the 
signification of this symbol shall be extended along with that of 
the other. It must now be held to designate, as it does perpetually 
in algebra, 'equivalent to.' This being premised, the equatipn 
above is freed from its anomalous appearance, and is perfectly con- 
sistent with everything in ordinary geometry. Expressed in words 
it reads thus : ' A transference from -4 to ^ followed by a trans- 
ference from -S to (7 is equivalent to a transference from A to (7.* 

6, Axiom. If two vectors have not the same direction, it is 
impossible that tite one can neutralize the other, 

ThLs is quite obvious, for when a transference has been effected 
from A to B, it is impossible to conceive that any amount of trans- 
ference whatever along BC can bring the moving point back to A. 

It follows as a consequence of this axiom, that if a, P be different 
actual vectors, i. e. finite vectors not in the same direction, and if 
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ma + wjS = 0, where m and n are numerical quantities ; then must 
m = and w = 0. 

Another form of this consequence may be thus stated. If 
[still with the above assumption as to a and j8] ma + n^ = pa + qp, 
then must m =Pf and n = q, 

7. We now proceed to exemplify the principles so far as they 
have hitherto been laid down. It is scarcely necessary to remind 
the reader that we are assuming the applicability of all the rules 
of algebra and arithmetic, so far as we are yet in a position to draw 
on them ; and consequently that our demonstrations of certain of 
Euclid's elementary propositions must be accepted subject to this 
assumption. 

To avoid prolixity, we shall very frequently drop the word vector, 
at least in cases where, either from the introduction of a Greek 
letter as its representative, or from obvious considerations, it must 
be clear that the mere line is not meant. The reader will not fail 
to notice that the method of demonstration consists mainly in reach- 
ing the same point by two different routes. (See remark on Ex. 9.) 

Examples. 

Ex. 1, The straight lines which join the extremities o^ equal and 
paraUel straight lines towards the same parts are themselves equal 
and parallel. 

Let ABhe equal and parallel to CD ; 

to prove that AC is equal and parallel -^^ --^B 

to BD, 

Let vector AB be represented by a, / ^^ — IT 
then (Art. 1) vector CD is also repre- q^ 
sented by a. 

If now vector CA be represented by )8, vector DB by y, we shall 
have (Art. 5) vector CB = CA+AB = P + a, 

and vector CB=CD + DB^a + y ; 
. *. )8 + a = a + y, 
and P = y; 
so that P and y are the same vector symbol; consequently (Art. 1) 
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the lines which they represent are equal and parallel; i.e. CA is 
equal and parallel to BD. 

Ex. 2. The opposite sides of a pa/rcbllelogram are equal; and 
tlie diagonals bisect each other. 

Since AB is parallel to CD, if vector AB be represented by a, 
vector CD will be represented by some numerical imdtiple of a 
(Art. 3), call it ma. 

And since CA is parallel to DB; if vector CA be jS, then vector 
J)B is n^ ; hence 

vector CB = CA-f-AB = p + ay 

and =^CD + I)B = ma + nP; 

.V a + j8 = ma + W)3. 

Hence (Art. G) m= 1, w= 1, i.e. the opposite sides of the paral- 
lelogram are equal. 

Again, as vectors, A0 + OB = AB 

= CO + OD; 

And as -40 is a vector along OD, and CO a vector along OB ; 

it follows (Art. C) that vector AO is vector OD, and vector CO is 

OB; 

.'. line AO^OD, CO = OB, 

Ex. 3. The sides ahout the equal angles of equiangular triangles 
are proportionals. 

Let the triangles ABC, ADE have a common 
angle A, then, because the angles D and B are 
equal, DE is parallel to BC. 

Let vector AD he represented by a, DE by 
)S, then (Art 3) AB is »?ia, BC np, 

.-. as vectors, AE = AD + DE=a + p, 
AC = AB + BC = nia + 7ifi. 
Now AC is a multiple of AE, call iip{a+P). 

,\ fna + nP=p{a + P)y 
and w=p = n(Art. 6). 




EX. 4.] 



VECTOR ADDITION AND SUBTRACTION. 
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But line ^^ : AI) = m, 
lineBC : 2>^=n, 
.-. AB : AD :: BC : DE, 

Ex. 4. Tlie bisectors of tlie sides of a triangle meet in a point 
which trisects each of them. 

Let the sides of the triangle ABC be 
bisected in D, E, F -, and let AD, BE 
meet in G, 

Let vector BD or BO be a, CE or EA fi, 
then, as vectors, 

^^ = ^C + C^ = 2a + 2jS=2(a + /?), b 

I)E = DG + CE = a + p, 

hence (Art. 4) BA is parallel to BE, and 
equal to 2Z>^. 

Again, BG+GA= BA 

=-.2DE 

= 2{DG + GE). 
Now vector BG is along GE, and vector 6^^ along DG, 
.'. (Art. G) BG = 2GE, 
GA^= 2I)G, 
whence the same is true of the lines. 




Lastly, 



BG = ^BE 



CG=BG-BG 

= |(2a + ^)-2a 



7 
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GF^BF^BG 

=\ba^bg, 

= a + )8-|(2a + j8) 

heuco CG is in the same straight line with GFy and equal to 2GF, 

Ex. 5. Wlieiiy instead of B and E being the middle points of 
tike aideSf they are any jwints icluitever in tliose sides, it is required 
tofnd G and the poitU in which CG produced meets AB. 

^^ /w t - '"> / lu ~ ^* > ^^^ ^^^ vector DC = a, vector CF = j8 ; 



DC 



Henot* 



tJion 

But 
.\ (Art 0) 

nut) ^ 

Agaiii) let 
But 



l%e tw'> 



CF 

.-. BG^ma, CA = nfi, 
BF=^BC+CF==ma + p, 
DA ■■■- a + ?i)8. 

BG^^xBF, GA=yDA, 
BA ^BG + GA = X (ma + )S) + y (a + np). 
BA — ma + nPf 
xtn + i/-m, x + yn = ??, 

. BG (m -l^n AG _ (« - l|m 

^'"^^ B'F'^'vin-i ''^^''AD'mTt-l ' 

BF=pBA =;> (ma + np). 

BF = BC + CF 

= ma + a multiple of CG 

= wa + zCG suppose 

= m4i + z{BG-BC} 

f(w-l)n, ^. ) 

t vm - 1 ^ '^^ J 

I'les of -S-P being equated, and Art. 6 applied, 






f? -1 w- 1 

— « i", p = z 1, 

w*/» - 1 ^ m/* - 1 



EX. 6.] 



VECTOR ADDITION AND SUBTRACTION. 
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whence 



1 -^ w— 1 



i.e. 



p iti - 1 ' 

AF _AE ^BD 
BF~ CE ' CD' 
ovAF.BD,CE=AE.CD.BF. 

Ex. 6. Wheiiy instead of as in Ex. 4, wJiere D, E, F are paiiUs 
taken vrithin BC, CA, AB at distances equal to ludf tliose lines 
respectively, they are pohUs taken in BC, CA, AB producedy at 
tlie sanie distances respectively from (7, A^ and B ; to find the inter- 
sections. 

Let the points of intersection be respectively G^, G^, G^. 

E 




Retaining the notation of Ex. 4, we have 

jBi) = 3a, CE=3I3; ( 
and . •. BG^ = xBE 

= a;(2a + 3^) 

and BG^ = BD + JDG, 

= 3a + yDA 
= 3a + y{CA^CD) 

.'. 2x = 3-y, 3x = 2y, and x 



(1). 



6 
7' 



.-. line EG^ = ^EB. 



1 

7 
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SimUarlj line FG^ = ]= FC, 

line BG^ = I DA, 

and from equation (1) BG^ = ~ (2a + 3^). 

But BG^ = jBuI + AG^ = 2a + 213 +AG^ ; 



[chap. II. 



heuce 



/. AG, = ^{2p-a); 



2 
line AG, - -^ line DA 

3 7 



= 2i)(?., 



and similarly of the others. 



Ex. 7. The middle points of the lines which join tJie poinis oj 
bisection oftlie opposite sides of a quadrilateral coincide, wJiether 
titefour sides of the qtiadrilateral be in the same plane or not. 

Let ABCD be a quadrilateral ; F, H, G, F the middle points of 
AB, BC, CD, DA ; X the middle point of EG. 

Let vector AB = a, AC= P, AD = y, 
then AE + FG = AD-\-DG gives 

-^a + ^(? = y + l(/?-y), 

^lid AX =AF + l EG 

= -(a + P + y), 

which being symmetrical is a, )8, y in the same as the vector to 
the middle point of HF. 

X is called (Art. 14) the mean point of ABCD, 

Ex. 8. The point of bisection of the line which joins the middle 
' ofihe diagonals of a quadrilateral {plane or not) is tlie mean \ 




t 



EX. 9.] 



VECTOR ADDrnON AND SUBTRACTION. 
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Let P, Q be the middle points of ACy 
BD, R that of PQ, 

Retaining the notation of the last ex- 
ample we have 

i.e. AQ = \{AB^Aiy), 




Similarly 



AR=^^{AF^AQ) 
= j(a + ^ + y), 



i.e. 7? is the same point as X in the last example ; and is therefore 
the mean point of ABCD, 



Ex. 9. AD is dravyii bisecting BC in D and is produced t^^m 
%t E ; AB, CE produced meet in P ; AC, BE in Q^xi'Q i 




point 
parallel to BC. 

JjetAB = a,AC = l3, 
AP = xa,AQ^yP, 

.\ BC = p--a,AD = AB + \BC, a 

and -4^ is a multiple of Ji) = a; (a + /8) say. 

Then CP =pCE gives aa - /? = jt? {2; (a + /8) - /5}, 

.'. (Art 6) x=pz, — 1 =pz-p; 
.*. p=x+l. 

Similarly BQ = qBE gives yl3 — a = q {z (a + P) - a}, 

y = qz, -l = qZ'-q, 
.-. ^ = ^ + 1, 



is 



16 QUATERNIONS. [CHAP. II. 

and since 2; = - = we have 

hence the line PQ is parallel to BC, 

The method pursued in this example leads to the solution of all 
similar problems. It consists, as we have already stated, in reach- 
ing the points P and Q respectively by two different routes, — viz. 
through G and through E for P ; through B and through E for Q 
— and comparing the results. 

Cor. 1. PE : EC :: p-\ : I v. x i \ :\ AP : AB. 
Cor. 2. AE I AD :i '2z : I :: 2x : x+ 1 

:: 2 (p-l) : p 

:: 2PE : PC, 

.-. AD : DE :: PE + EG : PE-EG. 

Ex. 10. If DEF be drawn cutting tJie sides of a triangle ; then 
wUl AD,BF.GE = AE. GF . BD. 

Let BD = a,DA=pa,AE-- ^3, EG =qp, 
then BC == BA + AG ={l +p) a + {\ +q) P, 
and GF is a multiple of BG. 

I.et GF=xBG 

But GF==GE+EF 

^-EG+EF 

=^-qP + y(pa + p); 

.'. equating, we have x(l+p)^ypy x(l+q) = '-q-\-7/^ 

whence x = (l+x) pq, 

GF BF AD GE 




i.e. 



BG BG'BD'AE' 
.'. AD.BF.GE^AE.CF.BD. 



EX. 11.] VECTOR ADDITION AND SUBTRACTION. 
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Ex. 11. If from any point within a parallelogram^ parallels 
he drawn to the aides, the corresponding diagoncds of the two 




parallelograms thus formed^ a/nd of the original paraUdogram 
shaJH meet in the same point. 

Let PQ, RS meet in T; 
join TOy OB. 

Let Oi = a, 05 = A 0©=»ia, OS^np, 

then$P=$(7+CP=»j8 + (l-m)a,S/2 = /SC + Ci2 = ma+(l-n))S, 
and TO = TQ-OQ = x{np+{l-m)a}-ma, 

also TO = TS'' OS =y {ma-\-(l -n) P}''nP : 

equating, there results 

xn=y{l—n) — n; x(l—m)~'m = ym; 



.\ x= 



m 



1 — wi— w 



mn 



mn 



i—m — n i — wi— 7* 

hence (Art 4) TO, OB are in the same straight line. 

Cor. to xTB v.mn\ (l-m)(l-w) :: OSCQ : CRBF. 

Ex. 12. Thep(Anls of bisection of the three diagonals of a com- 
plete quadrilateral a/re in a straight Une. 

T. Q. *i^ 



18 



QUATERNIONS. 



[chap. II. 



P, Qy R, the middle points of the 
diagonals of the complete quadrila- 
teral ABGD, are in a straight line. 

Let AB = a,AD = p, 
AII = ma, AF=nP; 
.-. ^F=w)8-aand^C = »(w)3-a), 

Now BO + CD = BD = AD ^AB a 



gives 
whence 



and 



7 B 
X (nfi - a) + y ()8 — ma) = )S - o, 

m— 1 




/. « = 



mn — l * 
m—1 



2 2 ( mn - 1 ^ ' ^ j 

_ 1 m (n - 1) g 4- n (w — 1) ff 
~2 m»-l ' 



-4i? = s (wMi + nj8), 



.-. il©-^/* = 



^i?-ilP= 



2(mw-l) 
mn 



{(m-l)a + (7i-l)i8}, 
{(m-l)a + (n-l))S}, 



2(wm-.l) 

or vector FR is a multiple of vector FQ, and therefore they are in 
the same straight .line. 

CoR. Line FQ : FR :: I : mn 

.: AB.AD I AE.AF 

:: triangle ABD : triangle AEF, 

We shall presently exemplify a very elegant method due to 
Sir W. Hamilton of proving three points to be in the sanie 
straight line. 



\V 



ART. 8.] VECTOR ADDITION AND SUBTRACTION. , id 

8. It is often conveDient to take a vector of the leiigth of the 
unit, and to express the vector under consideration as a numerical 
multiple of this unit. Of course it is not necessary that the unit 
should have any specified value ; all that is required is that when 
once assumed for any given problem, it must remain unchanged 
throughout the discussion of that piroblem. 

If the line ^^ be supposed to be a units in length, and the 
unit vector along AJS be designated by a, then will vector AB be 
aa (Art. 3). 

Sir William Hamilton has termed the length of the line in 
such cases, the Tensor of the vector ; so that the vector AB is the 
product of the tensor AB and the unit vector along AB, Thus if, 
as in the examples w;orked under the last article, we designate the 
vector AB by a, we may write az^TaUa, where Ta is an abbre- 
viation for ' Tensor of the vector a* ; i7a f or * unit vector along a*. 

Examples. 

Ex. 1. If the vertical angle of a triangle he bisected hy a 
strfdght line which also cuts the base, the segments ai the base shaU 
hav&^he sa/me ratio that the other sides of the triangle have to one 
a/noiher. 

Take unit vectors along AB, AC, which - 

call a, p respectively : construct a rhombus p^ 

APQR on them and draw its diagonal AR, 
Then since the diagonals of a rhombus bi- ^ / 
sect its angles, it is clear that the vector 
AD which bisects the angle ^ is a multiple of AR the diagonal 
vector of the rhombus. 

Now AR^^AP+PR^AF-^-AQ^a + p, 

.'. AI> = x(a + P). 

Now vector AB = ca, AO—bfi; using c, ( as in ordinary 
geometry for the lengths of AB, AC. 

Hence JJZ> = J[2> - ^J5 = a; (a + )S) - ca, 

and BD = yBG=y{AC^AB) 

= y(Ji8-ca). 




/ 

/ 
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Equating, x-^c^-yc^ x^yb; 

and BB : BC :: y : 1-y 

:: c I b 
:: BA : AC. 

Cor. J£ a^ P are unit vectors from A, and if 8 Ise another 
vector from A such tliat 8 = a;(a + )3); then 8 bisects the angle 
between a and p. 

Ex. 2. The three bisectors of the angles of a triangle meet in 

a point. 

Let AJD, BE bisect A, B and meet in Q'j CG bisects C, 

Let units along AB^ ACy BG be a, )3, y, then as in the last 

example, 

AG^x{a + P), BG^y i-a + y). 

But oy = 6)8 - CO, 

... M.y{-..>£^). 

and GG^AG'-AG 

^x(a + p)-bp, 
also CG^BG-BG 

= y( -a + -^- 1-6)8 + at; 

c 

a^ ' 

a ' 

, be 

whence x= 



a + b + e^ 

and CG= t — {ca-(a + 6))8} 

a-\-b + e^ ^ "^^ 

= 7 — ( - oy - a)8) 

=p{y + P), 

hence Cff bisects the angle G (Cor. Ex. 1). 
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9. If a, j8^ y are non-parallel vectors in the same plane, it is 
always possible to find numerical values of a, b, c so that aa + bp 
+ cy shall = 0. 

For a triangle can be constmcted whose sides shall be parallel 
respectively to a, )3, y. 

Now if the vectors corresponding to those sides taken in order 
be oo, bp, cy respectively, we shall have, by going round the 
triangle, 

aa-hbp + cy = 0. 

10, If a, )3, y are three vectors neither parallel nor in the 
same plane, it is impossible to find numerical values of a, &, c, not 
equal to zero, which shall render cui-\-bp + cy=0. 

For (Art. 5) aa.-¥bp can be represented by a third vector in 
the plane which contains two lines parallel respectively to a, /9. 
Kow cy is not in that plane, therefore (Art 6) their sum cannot 
equal 0. 

It follows that if aa + 6)8 + cy = and o, )8, y are not parallel 
vectors, they are in the same plane. 

11, There is but one way of making the sum of multiples 
of a, )3, y (as in Art. 9) equal to 0. 

Let aa+6)3 + cy = 0, 

and also pa + g^^ + ry = 0. 

By eliminating y we get 

(or — cp) a + (6r - eg) jS = ; 
.'. (Art. 6) ar-cp^ br — cq^ 
or a : 6 : c :: p : g : r, 

so that the second equation is simply a multiple of the first. 

12. If a, )3, y are coinitial, coplanar vectors terminating in 
a straight line, then the same values of a, &, c which render 
oa + 6/3 + cy = will also render a -f 6 + c = 0. 



/ 
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Let vector OA = a, OB=p, OC = y, ABC 
beiag a straight llue ; then 

AC=y-<i. 
But AC is a multiple of AB, 

or 7-a=y(/3-a), 
Lo. (p-l)a-pj8 + y = 0. 
But (p~1)~p+l = 0; 

and OB p — 1, —p, + 1 correspond to a, b, e and satisfy the con- 
dition required, the propoeition is proved generally (Art. 11). 

13. Conversely, ita,0,y are coinitial coplanar vectors, and if 
both oo+JyS + cy — and a + 6 + c = 0, then do o, j8, y terminate 
in a straight line. 

For ay + by + cy — Q; 

therefore by subtraction 

■■(r—) + »tr-«=o. 

i.e. y~a is a multiple o{y—j3, and therefore (Art. 4) in the same 
straight line with it: i.e. AC is in the same straight line with 
BC. (See Tait's QuaUmions, % 30.) 

Examples. 
"F,x. 1. If two tricmglea are so aitualed that the Unea which 
join correeponding angles Ttteet in a point, then pairs of corre^ond- 
ing sides being produced wUl meet im, a straight line. 

ABC, A'BC are the triangles; 
the point in which A' A, BB, CO 
meet ; P, Q, R the points in which 
BC, ffC, Ac. meet: FQB is a 
straight line. 

Let OA = a, OB = p, OC=y, 
OA'^ma, OB=n0, OC'=py, 
then BA = a-fi, 

and BR = x(a-0); 

B'A' = ma-n^, 
B'R=y{ma-np). 
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'Now BF= BE -•B'M&yea 

(w~ 1) /3=a;(a- j8) - y (wa - w)8) ; 

.*. w- 1 = -aj + wy, = a:-my, 

- m(n — 1) 

and aj = -. — ^^ -: 

m — n *^ 

whence OR^OB-^BR^B- '^^'^''^'^ (a-j8) 

m — n ^ ' ^ 

m — n 
Similarly, OP ^P(^^-^)y^-n(p-^P ^ 

m{p-l)a-p{m-l)y ^ 
p — m ' 

.-. (m-n){p-'l)OR+(n-p)(m-l)OP 

+ {p-m){n--l)OQ = 0. 
And also 

(m — n)(p-l) + (n -p) {m-l) + (p- m) (n - 1) = 0, 

whence (Art. 13) P, Q, R are in the same straight line. 

Ex. 2. If a quadrilaterdl he divided into two qy/JtdrilateraU 
by any cutting line, the centres qf the t^ree ehaJ^ lie in a straight line. 

Let Pj^iGa^a ^® *^® quadrilateral divided into two by the 



0Q = 




line Pfi^ Let the diagonals of PJQJQJP^ meet in R^\ and so of 
the others : i?j, i?,, R^ are the centres. 
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Produce P^P^, Q^Q^ to meet in 0, Let unit vectors along 
OP, OQ be denoted by a, )8; and put 

OPj = »»,a, OP, = w,a, OP^ = m^a; 

OQ.^n^P, 0Q, = nJ3, 0Q, = nJ3; 
then OE^ = OP^ + P^-Rg = w^a + a; (wgS - m^a), 

and Oi?, = OQ, + ©j^, = w^jS + y (m.a - n^jS). 

Equating, we have 

m^-mjOc^mj/j and nffc=n,-n^; 



• ■ sc — - • 



and 0^ ^ m,m,(n,-yi,)a + n,w,(m,-mjff 



tn^n^ — «i,w^ 



Similarly, 

0^ ^ m^,(w,-7>,)a + n,yi,(m^-ry>3)ff 



w,w^ — m,7^„ 



0^ ^ «t,w>,K-ti,)a + n,n3(m3-w,)ff ^ 



«*3W3-w,w^ 



.'. (WjWj - mjti^ m^n^ OR^ + (w/i, - m^^ m^n, OR, 

+ (W3W3 - m^w,) m/i^ 05, = 0. 
And also 

whence (Art. 13) R,y R^^ R^ are in the same straight line. 

CoR. R,, R^ R^ will pass through provided the coefficients 
of a and )3 in the three vectors have the same proportion, Le, 
provided 

11111111 






m, w, m^ ^3 n, n^ n^ n^ 



Ex. 3. If AD, BE, CF he droAJon cutting (me another at any 
point G within a tria/ngle, then FB, DE, EF shall meet the third 
sides of the triangle produced in points which lie in a straight line. 

Also the produced sides of tJie triangle shall he cut harmo- 
nically. 



EX. 3.] 



VECTOR ADDITION AND SUBTRACTION. 



If, as in Ex. 5, Art. 7, we put 

DC = ay CE=p, BG-=may GA^n^, 




we get, as in that example, 

AF : BF :: w-1 : w-1; 



.-. BF=^ 



m + n- 2 



(wa + w)8), 



and 



FD=^BD-BF=-^!^'^-^^Un-2)a-nP]. 

m + w-2'^ ^ '^' 



gives 



DM= xFD^ compared with 

DM=DG-MG = a-yp, 

jfr — JL, »C 



9? 



m + n — 2 



m+n — 2 



y; 



w 



and 



•2^=;r:2' 



BM = BG-MG=ma- 



n 



w-2 



iS. 



Again, FF=FA + AE = 



n-1 
m + »-2 



{wa-(w-2))8}. 



25 
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And EL = xFBf compared with 

EL=^GL^CE = ya-p, 
m 

Thirdly, i>-^= xDE = 05 (a + jS), compared with 

DN=BN'-BD=y{7naL + nP)'-{m'-l)a, 

and BN = (ma-¥nB), 

fn — n 

Now (m - 1) (w - 2) ^if + (m-n) BN 

Also (w-l)(w-2) + (m-w)-('/ii-2)(w-l) = 0; 
therefore BM^ BN^ BL are in a straight line (Art. 13). 

Further, CL = -^ CD, 

m — 2 

.-. CL : Ci> :: -5Z : BD, 
and J?Z is cut harmonically. 

Ex. 4. :7%e point of intersection of bisectors of the sides of a 
tria/ngle from the opposite angles, the point of intersection of per- 
pendicula/rs on the aides from the opposite angles, and the point of 
intersection of perpendicula/rs on the sides fro-m their middle points, 
lie in a straight line which is trisected by the first of tJiese points. 

V. Let unit vector CB =■ a, unit viector GA = jS, 
*^-n, Ex. 4, Art. 7, Cff = | (oa + bfi). 
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2\ Let Affj BK perpendiculars on the A 

sides intersect in 0, 

then HA = bfi — ba cos C, ^ ^^^^ 

= 6(i8-acosC7), "^^/l 

KB = a{a--.pQOsC). ^ 

Now CO = CA+AO, and also = C^ + BOy gives 

6)8 + y6(j8-aacos(7) = aa + a:a(a — jScosC), 

h cos C — a 



H^O 



aaj = 



sin'C 



and (70= . ^^ {(6 - a cos C) a + (a- 6 cos G)P}. 

3^ Let perpendiculars from D and J^ (Ex. 4, Art. 7) meet 
in X, 

then DX is a multiple of HA. 

/. CX=: CDatDX^CE^ ex gives 

^ oa + V (/?- a cos C) = jT 5jS + « (a - )8 cos C), 

5 — a cos C 



.'. v= 



2sin«(7 ' 



- ^ (a - ft cos C7) a + (6 - a cos (7) )8 
^""^ ^^= ^^FC ' 

.-. 2CX+ CO -3(76^ = 0, 
and also 2 + 1 - 3 «= 0, 

.*. X, 0, (r are in a straight line. 
Also C0--CG^2(CG-GX\ 

or vector GO = 2 vector XG^ 
.-. G0 = 2GX, 
and ^ trisects XO. 

14, The vector to the mean point of any polygon is the mean 
of the vectors to the angles of the polygon. 
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1^ Let be any point ; then in tlie figure of Ex. 4, Art. 7, 
we have, calling 0-4, a, OB, P and OG, y, 

because AG^-BG'\-CG=-\ {AD + BE+CF) 

= I {(AB +AC) + (BA+Bq + {GA + CB)} 

= 0. 

2». If OA, OB, OC, OD bo o, /S, y, 8, in the figure of Ex. 7, 
Art. 7, we have 

0X= OH + J3X= 0i7+ 1 (OF- OH) 

= l(O^+Oi0=j(a + i8 + y + 8> 

3^. In the more general case we may define the mean point in 
a manner analogous to that adopted in mechanics to define the 
centre of inertia of equal masses placed at the angular points of 
the figure. Thus, if we take any rectangular axes OX, OY, and 
designate by a, )3 unit vectors parallel to these axes; and by p^ 
pj, &c. the vectors to the different points; and if we write x^, y^; 
^ay t/ai <^* ^^T the Cartesian co-ordinates of the different points 
referred to those axes ; and define the mean point as the centre of 
inertia of equal masses placed at the angular points; the Cartesian 
co-ordinates of that point will be 
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Now Pi^^i^ + ViPi Pg^x^-^t/aPf^ 

" m m m '^ 

= p. 

Cob. 1. (p,-p) + (p,-p) + (pa-p) + &c = 0, 

i. e. the sum of the vectors of all the points, drawn from the mean 
point, = 0. 

The extension of the same theorem to three dimensions is 
obvious. 

Cob. 2, If we have another system of n points whose vectors 
are cr^, cr^, &c. then the vector to the mean point is 

cr. + c- + . . . 
n 

If now T be the mean point of the whole system, we have 

Pj + Pg+ ... +o-j + o-,+ ... 

T = , 

or (w + w)t — ?wp — wo-=0, 

hence (13) r, p, o- terminate in a right line; or the general mean 
point is situated on the right line which connects the two partial 
mean points. 

Additional Examples to Chap. II. 

1. If P, Q,E,She points taken in the sides AB, BO, CD, 
DA of a parallelogram, so that AP : AB :: BQ : BG, &c., PQBS 
will form a parallelogram. 

2. If the points be taken so that AP=CB, BQ^DS, the 
same is true. 

3. The mean point of PQES is in both cases the same as that 
otABCB. 
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4. If F^R'S' be another parallelogram described as in Ex. 1, 
the intersections of PQ^ P'Q\ <fec. shall be in the angular points of 
a parallelogram EFGH constructed from PQRS as F^RS' is 
constructed from ABCD, 

5. The quadrilateral formed by bisecting the sides of a 
quadrilateral and joining the successive points of bisection is a 
parallelogram, with the same mean point. 

6. If the same be true of any other equable division such as 
trisection, the original quadrilateral is a parallelogram. 

7. If any line pass through the mean point of a number of 
points, the sum of the perpendiculars on this line from t^p 
different points, measured in the same direction, is zero. 

8. From a point E in the common base AB of the two 
triangles ABC, ABDy straight lines are drawn parallel to -4C, AD^ 
meeting BC^ BD a,t F,Gi shew that FG is parallel to CD. 

9. From any point in the base of a triangle, straight lines are 
drawn parallel to the sides: shew that the intersections of the 
diagonals of every parallelogram so formed lie in a straight line. 

10. If the sides of a triangle be produced, the bisectors of the 
external angles meet the opposite sides in three points which lie 
in a straight line. 

11. If straight lines bisect the interior and exterior angles 
at A of the triangle ABO in J) and F respectively ; prove that BDy 
BC, BE form an harmonical progression. 

12. The diagonals of a parallelepiped bisect one another. 

13. The mean point of a tetrahedron is the mean point 
of the. tetrahedron formed by joining the mean points of the 
triangular faces ; and also those of the edges. 

14. If the figure of Ex. II, Art. 7, be that of a gauche quadri- 
lateral (a term employed by Cbasles to signify that the triangles 
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AOD, BOD are not in the same plane), the lines QP^ DO, BS will 
meet in a point, provided 

AF OS .AQ DR 
— =m^,and^ = m-^. 

15. If through any point within the triangle ABG^ three 
straight lines MN, FQj BS be drawn respectively parallel to the 
sides AB, AG, BG ; then wiU 

MN" PQ BS 
AB '^AG'^BC" 

16. ABGjD is a parallelogram; B, the point of bisection of 
AB ; prove that AG, DE being joined will trisect each other. 

17. ABGB is a parallelogram; PQ any line parallel to GB\ 
PD, QG meet in aS', PA, QB in B ; prove that AB is parallel to 
BS. 



CHAPTER III. 



VECTOR MULTIPLICATION AND DIVISION. 



15. We trust we have made the reader understand by what we 
stated in our Introductory Chapter, that, whilst we retain for 
^ multiplication' all its old properties, so far as it relates to ordi- 
nary algebraical quantities, we are at liberty to attach to it any 
signification we please when we speak of the multiplication of a 
vector by or into another vector. Of course the interpretation of 
our results will depend on the definition, and may in some points 
differ from the interpretation of the results of multiplication of 
numerical quantities. 

It is necessary to start with one limitation. Whereas in 
Algebra we are accustomed to use at random the phrases ' multiply 
by' and * multiply into' as tantamount to the same thing, it is 
now impossible to do so. We must select one to the exclusion of 
the other. The phrase selected is * multiply into'; thus we shall 
understand that the first written symbol in a sequence is the 
operator on that which follows : in other words that afi shall read 
* a into j8', and denote a operating on jS. 

16, As in the Cartesian Geometry, so 
here we indicate the position of a point in 
space by its relation to three axes, mutually 
at right angles, which we designate the axes 
of oj, y, and z respectively. For graphic 
representation the axes of x and y are 
drawn in the plane of the paper whilst that 
of z being perpendicular to that plane is 

n in perspective only. As in ordinary 
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geometry we assume that when vectors measured forwards are 
represented bj positive symbols, vectors measured backwards will 
be represented by the corresponding negative symbols. In the 
figure before us, the positive directions are forwards^ upwards 
and outtoards; the corresponding negative directions, backwards^ 
doumwards and inwards. 

With respect to vector rotation we assume that, looked at in 
perspective in the figure before us, it is negative when in the 
direction of the motion of the hands of a watch, positive when in 
the contrary dii-ection. In other words, we assume, as is done in 
modern works on Dynamics, that rotation is positive when it 
takes place from y to z, z to x, x to y: negative when it takes 
place in the contrary directions (see Taity Art. 65). 

Unit vectors at riglvt angles to each other, 

17. Definition. If t, J, k be unit vectors along Ox, Oy, Oz 
respectively, the result of the multiplication of t into J or ij is 
defined to be the turning of J through a right angle in the plane 
perpendicular to i and in the positive direction ; in other words, 
the operation of i on j turns it round so as to make it coincide 
with k ; and therefore briefly ij = h 

To be consistent it is requisite to admit that if i instead of 
operating on^ had operated on any other unit vector perpendicular 
to i in the plane of yz, it would have turned it through a right angle 
in the same direction, so that ik can be nothing else than —j. 
Extending to other unit vectors the definition which we have 
illustrated by referring to i, it is evident that j operating on k 
must bring it round to % or jk = i. 

Again, always remembering that the positive directions of 
rotation are y to z, z to x, xto y, we must have ki —j, 

18, As we have stated, we retain in connection with this 
definition the old laws of numerical multiplication, whenever 
numerical quantities are mixed up with vector operations; thus 
2i. 8; = 6^'. Further, there can be no reason whatever, but the 
contrary^ why the laws of addition and subtraction should under^ 

T. Q. ^ 

f 

.1 i 
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any modification when the operations are subject to this new 
definition ; we must clearly have 

Finally, as we are to regard the operations of this new de- 
finition as operations of multiplication — magnitude and motion 
of rotation being united in one vector symbol as multiplier, 
just as magnitude and motion of translation were united in 
one vector symbol in the last chapter — we are bound to retain 
all the laws of algebraic multiplication so far as they do not 
give results inconsistent with each other. In no other way can 
the conclusions be made to compare with those deduced from 
the corresponding operations in the previous science. Thus we 
retain what Sir "William Hamilton terms the associative law of 
7nultiplication : the law which assumes that it is indifferent in 
what way operations are grouped, provided the order be not 
changed ; the law which makes it indifferent whether we consider 
abc to he ax he or ab y. c. This law is assumed to be applicable to 
multiplication in its new aspect (for example that ijk = ij . k\ and 
being assumed it limits the science to certain boundaries, and, 
along with other assumed laws, furnishes the key to the interpreta- 
tion of results. 

The law is by no means a necessary law. Some new forms of 
the science may possibly modify it hereafter. In the meantime 
the assumption of the law fixes the limits of the science. 

The commutative law of multiplication under which order may 
be deranged, which is assumed as the groundwork of common 
algebra (we say assumed advisedly) is now no longer tenable. And 
this being the case it is found that the science of Quaternions 
breaks down one of the barriers imposed by this law and expamds 
itself into a new field. 

ij is not equal to Ji, it is clearly impossible it should be. 

A simple inspection of the figure, and a moment's consideration 
of the definition, will make this plain. The definition imposes on t 
as an operator onj the duty of turning J through a right angle as 
if by a left-handed turn with a cork-screw handle, thus throwing 
j up from the plane xy, when, on the other hand, j is the operator 
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and i the vector operated on, a similar left-handed turn will bring 
i down from the plane of xy. In fact ij = k, ji = — k, and so 
tj = -ji. 

19, We go on to obtain one or two results of the application 
of the associative law. 

1. Since ij = k, we have i,{j = ik = —j. 
Now by the law in question, 

or t' = -l. 

Our first result is that the square of the unit vector along Ox 
is - 1 ; and as Ox may have any direction whatever, we have, gene- 
rally, tJie eqtiare of a unit vector = — 1. In other words, the 
repetition of the operation of turning through a right angle reverses 
a vector. 

2. Again, {jk=^i.jk = i,i = i'= — l. 
Similarly it may be proved that 

jki = k^ = -'l, 

or no change is produced in the product so long as direct cyclical 
order is maintained. 

3. But ikj=i,kj = i,--i = — i^ = + l; 

,\ yk'= — ikj, 
or a derangement of cyclical order changes the sign of the product. 
This last conclusion is also manifest from Art. 18. 

Vectors generaUi/ not at right angles to each other, 

20. We have already (Art. 8) laid down the principle of 
separation of the vector into the product of tensor and unit 
vector ; and we apply this to multiplication by the considerations 
given in Art. 18, from which it follows at once that if a be a 
vector along Ox containing a units, fi a vector along Of/ con- 
taining b units, 

a = aif P = hj, and aP = abij. 

3— i 
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In the same way 

a=ai . at = a i =5 — a , 

or the sqdare of a vector is the square of the corresponding line 
with the negative sign. 

Seeing therefore the facility with which we can introduce 
tensors whenever wanted, we may direct our principal attention, 
as fjEir as multiplication is concerned, to unit vectors. 

21, We proceed then next to find the product ajS, when a 
and P are vectors not at right angles to one another. 

1. Let a, P be unit vectors. 
Let 0^ = a, OB = p. 

Take 00 -y, a unit vector perpen- 
dicular to OB and in the plane BOA, 
Take also DO or DO produced = c, a unit 
vector perpendicular to the plane BOA, 

Draw AM, AN" perpendicular to OBy 
00, and let the angle BOA = $ ; then 

vector OA = OM-hMA=^OM+ ON (Art. 1 ) 

= part of 0^ + part of 0(7 (Aril. 3). 

Now it is evident that OM as a line is that part of OB which 
is represented by the multiplier costf, or 0M= OB co&$^ and 
similarly that ON=OCsiD.0: consequently (Art. 3) the same 
applies to them as vectors ; i. e. 

vector OM=^P cos 6, vector OiV= y sin ^ ; 

.'. a = )8costf + ysin^, 

and a/J = ()8cos^ + ysin^))8 

= i8*cos^ + y)8sin^. 

But 13' = ^1 (19. 1), 

r/J = c(17); 

[Observe that y, fi and e of the present Article correspond 
to j, i and -k of Art, 17.] 

.'. ajS=-cosfl + €sinft 

I. 
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2. If a, p are not unit vf ctors, but contain Ta and. Tfi units 
respectively, we have at once, by the principle laid down in 
Art. 20, 

' 3. It thus appears that the product of two vectors a, fi not 
at right angles to each other consists of two distinct parts, a 
numerical quantity and a vector perpendicular to the plane of 
a, p. The former of these Sir William Hamilton terms the scalar 
part, the latter the vector part. "We may now write 

aP = SaP + Val3, 

where S is read scalar, V vector : and we find 

Sap = - TaTp cos e, 

VaP=TaTp€sme. 

4. The coefficient of c in Vap is the area of the parallelogram 
whose sides are equal and parallel to the lines of which a, P are 
the vectors. 

22. To obtain Pa we have, a and P being unit vectors, 

a = P cos + y sin ; 
.\ Pa = P{Pco&e+y&me) 

= P' cose + py sine 

= -cose-6sin^(Art. 19. 1 and 18); 
therefore generally 

pa= TaTp (- cos tf - 6 sin ^). 

It is scarcely tiecessary to remark that whilst y operating on 
P turns it inwards from OB to DO produced, /? operating on y * 
turns it outwards from OC to OD, causing it to become - c. 

We have therefore 

1. Sap^SPa. 

2. Vap^-rpa. 

3. aP + pa=^2Sap. 

4. ap-Pa = 2Vap. 
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5. (a + j8)»=(a + i8)(a + i8; 

6. (a-l3y=a'-2SaP-^IP. 

7. If a, )3 are at right angles to each other, Sa0 = 0, and 

conversely. 

8. VaP is a vector in the direction perpendicular to the 

plane which passes through a, jS. 

9. a*j8* =aP .^a. because ^* is a scalar ; 

= (Sapy-{Vapy. 

Note, a'^ must not be confounded with (ajS)*. 

23. Before proceeding further it is desirable we should work 
out a few simple Examples. 

Ex. 1. Tq express the cosine of cm angle of a tricmgle in terms 
of the sides. 

Let ABC be a triangle ; and retaining the usual notation of 
Trigonometry, let 

CJB=a, GA^P', 

then (vector ABy = (a - py n 

= a'--2SaP + ^ (22.6), 

or, changing all the signs to pass from vectors to lines (20) and 
applying 21. 3, 

c'= a* - 2a6 cos (7+ 6". 

Ex. 2. To express the relations between the sides and opposite 
angles of a 1/ria/ngle, 

Let C5 = a, CA = p, BA=y. 

Then CB-hBA = GA gives 

a + r-A 

Take the vectors of each side. t 
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Now Fa" = 0, for a' = -a' has no vector part, 

.-. Fa/5 = Fay; 
Le, (21. 3) ahe sin C^ace sin B, 
or b sin C = c sin B ; 
i.e. h : c :: sinJ5 : sinC. 

Ex. 3. The sum of tlie sqv/ires of the diagonals of a parat- 
lelogram is equal to the sum of the squares of the sides, 

Ketaining the notation and figure of Ex. 1, Art. 7, 

CjB=a + /?, 

^/> = a-/5; 

.-. C^ + 2)^» «* 2a' + 2)3', 

and, changing all the signs, we get (20) for the corresponding 

CB' + I)A'=2CA* + 2AB' 

^CA'-hAB' + BD' + JDC. 

Ex. 4. Parallelograms upon the sams hose and betioeen the 
same pa/raMds a/re equal. 

It is necessary to remind the reader of what we have already 
stated, that examples such as this are given for illustration only. 
We assume that the area of the parallelogram is the product of 
two adjacent sides and the sine of the contained angle. 

Adopting the figure of Euclid i. 35 and writing TV pa as the 
tensor multiplier of V^a so as to drop the vector € on both sides; 
we have, calling BA^ a ; BC, ^ ; 

BE^BA-^AE 
= a + ccjS ; 
.-. V.p{a^xP) = y{BC.BE), 
i.e. Vpa.= V{BC.BE), 
remembering that x^ has no vector part. 
Hence T.Vpa=^T {BG . BE), 

ie. BG. BA sin ABC = BO. BE Bin EBC {21. 2), 
which proves the proposition. 
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Ex. 5. On tJie sides AB^ AC of a tricmgle are constnicted any two 
2}araUelograms ABDJS, ACFG: tJie sides 1)B, FG are produced to 
meet in H, Prove tliat tlie sum of the areas of the pa/raHelograms 
ABDE, ACFG is equal to tlie area of the parallelogram whose 
adjacent sides are respectively eq?ial and parallel to BC and AH. 

Let BA = a, AE=p, AC = y, GA==S, 

then AH = p + xa, and AH='-h—yy\ 

.-. FailJ7= Fa/5 and YyAH='VyZ 

= FSy (22. 2), 
hence ^ (« + r) AH= Fa/5 + FSy, 

ie. (21. 4), the parallelogram whose sides are parallel and equal to 
BC, AH, equals the two parallelograms whose sides are parallel 
and equal to BA, AF ; GA, ilCrespectirely. 

[The reader is requested to notice that the order GA, AC is the 
same as the order BA, AF, and BA, AH : so that the vector € 
is common to all.] 

Ex. 6. If he any point whatever eitJier in the plane of tJie 
tiiangle ABC or out of that plane, the squares of the sides of tlie 
triangle fall slwrt of three times the squares of the distances of tlie 
angular points from 0, by the square of three times the distance of 
the mean point from 0. 

Let OA = a, OB = p, OC = y, 

then (Art. 14), OG^^{a-\- ^ +y), 

or a' + j8»+/ + 2AS'(a/5 + /5y + ya) = 90G^'. 

Now AB = l3'-a, BC = y-P, CA^-a-y, 

.-. i4i?' + 5C" + a^« = 2(a» + /5» + /)-2^(a^ + /?y + ya) 

= 3(a« + j8»+y")-906?«, 
and the lines 

AB" H- ^(7* H- (;^« = 3 {pA^ + 0-5" + OC) - {WG)\ 

Ex. 7, TJie sum of ilie squares of the distances of any point 
^rom tlie angular points of the triangle exceeds Hie sum of the 
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sqimrea of Us distances Jrom the middle points of the sides by tlie 
sum of the sqiuvres of half the sides, 

Ketaining the notation of the last example, and the figure of 
Ex. 4, Art. 7, 

.-. 4 {OD'-^OE' + OF') = 2 (a« + )8' + /) + 2S {afi -^ fiy-h ya) 

= 4 (a« +iS* + /) - {AB'-^BC + CA') ; 
.-. as lines OD' + 0^" + OF' + ; -^^^ = o^« + o^» + 067". 

Ex. 8. 57*« sqiia/res of tlut sides of any quadrUaterol exceed the 
squa/res oftlie diagonals by four times the square of the line which 
joins the middle points of tJie diagonals. 

Retaining the figure and notation of Ex. 8, Art. 7, we have 
squares of sides as vectoi-s 

= 2 (a» + i8« + /) - 2.S' (a/5 + /5y), 

and squares of diagonals 

= i8' + (r-a)« 

= a' + )8" + y-2^ayj 

therefore the former sum exceeds the latter by 

a» + /5» + y - 26V/5- 2^j8y + 2>^ay 

= 4 (OG - opy 

= iPQ*. 
Therefore as lines the same ia true. 

Note. The points A, B, C, D need not be in one plane. 
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Ex. 9. Fovi/r times the squares of tlie distances of any point 
whatever from Hhe a/ngvlar points of a qtmdrila^teral a/re eqtud to the 
sv/m of tlie squa/res of the sides, the squares of the diagonal and the 
squa/re of four times the distance of the point from the mean point 
of the figure. 

With the notation of Art. 14, and the figure of Ex. 7, Art. 7» 
we have 

squares of the sides + squares of the diagonals 

= (/5-a)»+(y-i8r + (8-y)' + (a-8)» + (y-a)» + (8-)8) 
= 3(a» + j8» + y" + 8«)-2^(a/5 + ay + a8 + /5y + /?8 + y8). 

Now (Art. 14) (a + /5 + y + 8)" = (40X)' ; 

.'. {40X)' + squares of sides + squares of diagonals 
= 4 {OA^ + OB" + OG^ + 02>«). 

Ex. 10. TliQ lines which join the m,ean points of three equila- 
teral triangles described outwards on the three sides of any triangle 
form an equilateral triangle whose mea/n point is the sa/me as that of 
the given triangle. 

Let P, Q, E be the mean points of the equilateral triangles on 
BO, CA, AB'y PD=a, DC = p, GE = y, EQ = B; and let the sides 
of the triangle ABC be 2a, 2b, 2c. 




•. PG' = (a + i8 + y + 8)« 

= a' + 13' -^ -/ -¥&' + 2Sal3+ 2Say + 2/Sa8 

+ 2^/3y + 2^^8 + 2^y8. 
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Changing all the signs and observing that 

2 

Sa^ — Of Say = rx a6 sin C, <fec. 

we have (writing the results in the same order), 

lineP^ = ^ + a« + 5' + ? + 

2.2 2 

+ —7^ a5 sin (7+ « a6 cos (7 — 2ah cos (7 + -^.^ ah sin + 

4 4 

= o (a* + 6* — ah cos (7) +-70 a^ sin (7 

= ? (a«+6" + c») + -^ area of ^5(7, 

which being symmetrical in a, b, c proves that FQB is equilateral 
Again, G being the mean point of ABC, 

6 6 

and line Pfi*=^ + -^+ -zr- + ^— 73 a5 sin (7 - tt a6 cos (7 

6 \) V o ^6 y 

= |(a« + 6« + c») + 3^ area ^5(7; 

.-. PG = QG = EG', 
and ff is the mean point of the equilateral triangle PQR. 

Ex. 11. In any qtbodrilateral prism, the sum 
of the squares of the edges exceeds the sum o/tlie 
squares of the diagoTwls by eight times the squa/re 
of the straight line which joins the points of inter- 
section of the two pairs of diagonals. 

Let OA = a, 0B = I3, OG = y, OI> = B; 
sum of squares of edges = 

2{a« + ^ + (y-a)«+(y-i8)» + 28«} 

= 2 {2a' + 2^» + 2y« + 28' - 2Say - 2Sl3y}, 



^ 
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sum of squares of diagonals 

= (8 + y)« + (8-y)«+(8 + a-)8)» + (8 + )8-a)« 
= 2{a» + /3' + y» + 28"-2^aj8}. 

Also l^OG^liS^y) 

= vector to the point of bisection of 
CD, and therefore to the point of intersection of OG, CJ), 
and vector from to the point of bisection oi AF^ as also to that 
of BEy and therefore to the intersection of AF^ BE 

hence vector which joins the points of intersection of diagonals 

eight times the square of this vector 

= 2 (a* + ^ + / + 2^S'aj8 - 2^ay - 2A^/5y), 

which, added to the sum of the squares of the diagonals, makes up 
the sum of the squares of the edges. 

24. Definition. We define the quotient or fraction — , where 

a and p are unit vectors, to be such that when it operates on a it 

produces jS or — . a = j8. This form of the definition enables us to 

a 

strike out a by a dash made in the direction of ordinary writing, 

thus — . a = j8. — is therefore that multiplier which, operatrog 
d a 

on a, or on ^ cos 6 + y sin $ (21), produces )8. 

Now cos ^ + € sin ^ operating on )8 cos ^ + y sin ^ produces 

P cos* ^ + (y + €j8) sin ^ cos ^ + cy sin* 6. 
But a glance at the figure (Art. 21) will shew that 
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.*. COS + € sin operating on p cos 6-\-y sin produces ^ ; 

hence — = cos ^ + c sin tf . 

a 

It may be worth while to exhibit another demonstration of 
this proposition : thus 

- . aj8 = jS . j8 (by the associative law) = - 1 . (19 . 1). 

ie. (21.1) ^.(-cose + €sin^) = -l. 

Now (cosfl + €sin^) (-cos^ + csin^) 

= - cos* - sin' 

= -1; 

.*. — = cos^ + €sinft 
a 

Cor. ^ = -/5a(by22). 
a 

25. !• Definition. Still retaining a, ^ as unit vectors, since 

— operating on a causes it to become P, it may be defined as a 

VERSOR acting as if its axis were along OD (Fig. Art. 21). By 
comparing the result of that article with the definitions of Art. 

17, it is clear that — or cos ^ + csin ^ is an operator of the same 

a 

character as - A; or c (as we have now called the corresponding 
unit vector) ; with this difference only, that whereas — A; or € as an 
operator would turn a through a right angle, cos ^ + € sin turns it, 
in the same direction, only through the angle : cos ^ + c sin is 
then the versor through the angle 6, 

2. K a, j8 are not unit vectors, the considerations already 
advanced render it evident that 

- = -^ (cos ^ + € sin 6). 

a la ^ ' 

TB 

Now -^ is itself of the nature of a tensor, for it is a numerical 

quantity, hence - is the product of a tensor and a versor. 
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26. By comparing the last Article with Art. 22 it appears 
that generally the product or quotient of two vectors may be 
expressed as the product of a tensor and a versor. This product 
Sir W. Hamilton names a Quaternion. 

Cor. It is evident that a quaternion is also the sum of a 
scalar and a vector. 

27. (1) If ^ A y ^r® ^^t vectors in the same plane, c a 

unit vector perpendicular to that plane ; we 

R 
have seen that - operating on a turns it 

round about c as an axis to bring it into the 

position p. If now ^ be a second operator 

about the same axis in the same direction 

acting on j8, it will bring it into the position y. But it is evident 

that - acting on a would at once have brought it into the position 

v. This is equivalent to the fact that -^ . — = - ; or in another 

p a a 

form (Art. 24) that 

(cos <^ + € sin <^) (cos ^ + € sin ^) = cos (^ + <^) + c sin (^ + ij>). 

From this it is evident that the results of Demoivi*e's Theorem 
apply to the form cos ^ + c sin 0, 

Further, it is evident that since cos ^ + c sin operating with e 
as its axis, turns a vector through the angle $, whilst € itself acting 
in the same direction turns it through a right angle, cos ^ + € sin 
is part of the operation designated by c, viz. that part which bears 
to the whole the proportion that 6 bears to a right angle. 

(2) Remembering then that the operations are of the nature 
of multiplication, it becomes evident that cos ^ + e sin as an 

operator may be abbreviated by c^ or c*^. 
And since 
(cos ^ + € sin 6) (cos ^ + € sin <^) = cos (^ +<^) + € bin {0 + ^), 
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we shall have 

W IT V^ ^ f 

€ . € = € 

or the law of indices is applicable to this operator. 

(3) Now we have already seen (19. 1) that c* = — 1 ; 

Conversely, if €" = *€, n must be an odd number ; if e" = - 1, 
n must be an odd multiple of 2 ; and if c" = + 1, ti must be an even 
multiple of 2. 

(4) When a, fi are not units, the introduction of the corre- 
sponding tensor can be at once effected. 

"We conclude that a quaternion may be expressed as the power 
of a vector, to which the algebraic definition of an index is 
applicable. 

28. Hedprocdls of quaternions — ^unit vectors. 

1. Since a . a = a' = — 1, 

and -.a=l (Def. Art. 24) 

= — a . a j 

1 

.*.— = — a, or a= — a: 
a 

or the reciprocal of a unit vector is a unit vector in the opposite 
direction. 

2. Again, a.- = a(-a) = l=-.a: 

a ^ ' a 

or a vector is commutative with its reciprocal. 

3. If ^ be a versor [say cos ^ + c sin tf, or — j , 

- . ^ = 1 (Def. extended). 

Now — = ^ j 

a 

. •. j8 = ya, by operating on a. 
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Also 



a_l 



a = - j8, by operating on j8, 



and p = qa = q ,- p; 



.'. g. - = 1 =-. g, 

or g and — are commutative. 

This is perhaps better demonstrated by observing that 

or that if — = cos ^ + € sin ^, 

a 

then must ^ = cos ^ — c sin fl ; 

factors which are from their very nature commutative. 
As a verification, we have 

Q „ 

- . ^ = (cos ^ + € sin ^) (cos ^ - c sin ^) 

= (cos oy - €« (sin oy 
= 1 

because €* = — 1 (28. 1). 

When the versors are not units the tensors can be introduced 
as mere multipliers without affecting the versor conclusions. 

29. We present one or two examples of quaternion division. 

Ex. 1. To express sin (6 + ff>) cmd cos (0 + ff>) in terms of sines 
and cosines of $ and f^, 

a, j8, y being unit vectors in the same plane (Fig. Art. 27), we 

have 

R 

- = cos ^ + c sin ^, 

a 
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^ = cos + c sin ^, 

3^ = cos {$+ 4>)'h€ sin (^+ <^). 

Ui 

But 5'=I.^j 

a p CL 

. •. cos (fl + ^) + € sin (^ + <^) = (cos 9+€sm0) (cos ^ + c sin <^) ; 
whence multiplying out and equating, we have 

sin (^ + ^) = sin ^ cos <^ + cos sin ^, 
cos (6 + ff>) = cos fl cos ^ - sin ^ sin ^. 

Cor. If the action of the versors be in opposite directions, 
P lying beyond y, we have (Art. 28) 

~ = cos (^ - 0) - € sin (fl - ij>). 
But - = cos ^ + € sin 0, 

^ = cos ^ - € sin ^ j 

a a B , 
.-. ~=-^. ^ gives 

cos (^- ^) - €sin (^- <^) = (cos ^- c sin ^)(cos + c sin <^), 
whence 8in(d-0)=sindcos^ — cos^sin^, 

cos (0-^) = cos ^ cos + sin ^ sin <^. 

Ex. 2. To ./^m? the cosine of the cmgle of a spherical triangle 
in terms of the sides. 

Let a, ft y be unit vectors OA, OB^ OG not in the same 
plane, then 

y a y 

ie. taking the scalar of each side, 

co8a = cosccos& + /S^. ( F -.F-) . 

\ a y/ 

T. Q. 4 
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Now SV—V- is sin c sin 6 X cosine of the angle between 
ay ° 

perpendiculars to the planes AB, AC, and is therefore 

sin 5 sin c cos A ; 

.'. cos a = cos c cos 5 + sine sin & cos .4. 

The reader will observe that in accordance with the results of 
Art. 21, the sign of the term involving cos -4 is +, seeing that it is 
in fact — cosine (supplement of A)i 

Ex. 3. The cmgles of a triangle are together equal to two right 
a/nglea. 

What we shall prove in fact is that the exterior angles formed 
by producing the sides in the same direction are equal to four 
right angles. 

Let unit vectors along BC, CA^ AB be a, j3, y ; and let the 
exterior angles formed by producing BC, CA^ AB be B, 0, i/r; 
then 

20 

€'^a = ^(27. 1), 
^ 

€-^=y, 

€"■ y=a j 

2^ 20 2^ 

2^^ 2^ 20 2ifr 

and c*" . e*^ . e*^ asc'*' y = a, 

2^ 2^ 20 

so that C . c'*' .€'»' = 1, 

>*^' = 1 (27. 2). 

2 
Hence (27. 3), - (^ + <^ + i/r) is an even multiple of 2. The 

first value is 4 ; 

.*. fl + «^ + i/r=27r, 

or the exterior angled of a triangle are equal to four right angles. 
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It will be seen that the demonstration here given is of the 
nature of that given by Prof. Thomson in the Notes to his Euclid. 

[More directly 

2A 

From these 

€» =-1, 

or A + B-^C = ir.] 

Ex. 4. In the Jlgwre of Euclid i. 47 the three lines AL^ BK, 
CF meet in a point. 

Let BC = a, CA = )8, AB = y ; the sides being as usual denoted 
by a, by c. 

Let i be the vector which turns another negatively through a 
right angle in the plane of the paper, so that 

BD^ia, CK^ip, AG = iy. 

If BE, AL meet in 0, 

BO = xBK=x{a-¥ip), 
and BO = BA->rAO^BA-^yBB 

= -y + yio>; 

x{a + ip) = '-y + yioy 

xSa (a + ip) = - Say, 

Say ac cos B 

Sa{a + ifi!) a' + aJsinC 



a'+be' 
and xSa^ = ySiafi ; 

6 6c 

4—2 
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^ick bene svHBdzial m i sad rifcm Ifcit CF, XZ; intersect 

^^ * « 

in the aae pomft in ^ick JtC^ X£ 

.^ -^ BO ^ 

On. 



abo 



CO y 

AO fe 

-10 JW> CO C^-ir*" + fc 



= 1. 



• £D BK CF ^^hc 

Ex.5. ^XBC2>fea9WHMfafeyWM9dei^«»ac»r^ 
X2r=«, i»=A C2>=y, Z>^=«; 

Lei unit Tccion akng uLfi; 2X7, (7A ^^ be c, /S", /, S^; and 
let the exteiw angles at B and 2> be ^ and^ le^ectiYely ; then 

«7ry=(-cn6^ + csin^y (21. 1) 

= (ooB ^ + c flin ^)y' 

= «- (25. 1); 

therefiore, introdacing the tensors^ 

30* If we designate b j 7 the expression — co80+esin0, we 
have seen that it may be r^arded as a venor throng an angle 
in a certain direction. Now if we write — in place of in this 
expression it assumes the form — co8 — csin0, which mnst on 
the same hypotheses be r^aided a versor throng the angle in 
the contrary direction. 

When the qoatemion is completed by the introduction of a 
'^ot Tq, if we retain the same tensor to both forms of the 
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versor, we have Sir W. Hamilton's conjugaie qTiatemion defined 
thus : The conjugate of a quaternion q^ written Kq, has the same 
tensor, plane and angle as q has^ only the angle is taken in the 
reverse way. 

The analogy between q and Kq is precisely the same as that 
which exists between the two forms 

R (cos <^ + ^ - 1 sin ^) and R (cos ^ — ^^-1 sin <^) ; 

and as the product of the latter form is i^, so the multiplication 
of the former produces {Tqy. 

If we put q = Sq+ Vq, 

we shall have Kq = Sq— Vq, 

and qKq^{Sqy-^{TVqy, 

for ( VqY = - (T VqY, Art. 20. 

It is abnost self-evident that, since the change of order of 
multiplication of two vectors produces no other change than that 
of the sign of the vector part of the product {22), 

K{qr) = KrKq, 

^ and r occurring in a changed order. 

The following is a demonstration. 

Let q = Tq{j-Q0s6 -^amiO), 

r = Tr (~ cos <^ + j8 sin <^), 

a and p being unit vectors ; then 

qr=TqTr (cos ^ cos ^ — a sin ^ cos ^ - j3 cos sin ^ 

+ a)8 sin sin 0), 

KrKq= TqTr (- cos ^ - j8 sin <^) (- cos ^ - a sin 0) 

- TqTr (ces ^ cos <^ + asin ^ cos ^ + ^cos ^ sin ^ 

+ ^a sin sin <^). 

Now observing that ^a has the same scalar part with a)8, but 
the vector part with a contrary sign, we see that the two ox- 
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pressions for qr and for KrKq likewise have the same scalar 
part, but that their vector parts have contrary signs. 

Hence K (qr) = KrKq. 

(See Tait, § 79 et sq.) 

31, We propose, in this Article, to give and interpret one or 
two formulae, relating to three or more vectors, which are indis- 
pensable to our progress, reserving to a separate Chapter the 
demonstration and application of other formulae^ the value of 
which the reader can hardly as yet be expected to understand. 

1. To express S, a^Sy geometrically. 

First suppose a, j8, y to be unit vectors OA, OB, 00. 

Let AOB = 0, and the angle which 00 makes with the plane 
AOB = <l> j then since 

aj8 = - cos tf + € sin tf (Art. 21), 
where € is perpendicular to the plane A OB, 

S. aj8y = /S(-costf + €sintf)y 
= /Scy sin 6, 
Now Sey = — cos . angle between c and y 

='— sin . angle between plane AOB 

and 0(7 
= - sin <^ ; 

.*. S. aj8y= — sin <^ sin ft 

Next if a, j8, y are not units, but have re- 
spectively the lengths To, T^, Ty, or a, h, c; 

we shall have 

S . a^y = - abc sin 6sm<l>. 

But a&sin^ is the area of the parallelogram of which the 
adjacent sides are a, h ; and c sin <^ is the perpendicular from C on 
the plane of the parallelogram ; 

.*. — ^y. a^y = a6sintf . csin^ 

= volume of parallelepiped of which three con- 
terminous edges are OA, OB, 00. r 
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2. From the nature of the case, no change of order amongst 
the vectors a, j3, y can make any change in the value (apart from 
the sign) of the scalar of .the product of the three vectors ; for it 
will in every case produce the volume of the same parallelepiped. 

.*. S.aPy = dc:S .yaP = ^S.ayPf &C. 
CoR. 1. The volume of the triangular pyramid, of which 0-4, 
OjB, OC are conterminous edges is - ^ aS' . a^Sy. 

CoE. 2. If a, j5, y are in the same plane, <^ = ; 

.-. S.al3y = 0. 

Conversely, if S . a^y = 0, none of the vectors a, j8, y being 
themselves 0, we must have either ^ = or <^ -» ; hence in either 
case the three vectors are co-planar. 

3. Since Ya.^-=y (21. 3), a vector perpendicular to the plane 
OAB {^g, of formula 2) ; V^y = a', a vector perpendicular to 
the plane 0B0\ and since y', a are both perpendicular to OB^ 
the line along which is the vector ^ \ OB is perpendicular to the 
plane which passes through y', a', and therefore (21. 3) is in the 
direction of Fy'a ; hence 

F(ra^rj8y)=ry'a-m^, 

or the vector of the product of two resultant vectors, one of the 
constituents of each of which is the same vector, is a multiple of 
that vector. 

4. If 0^=a, OjB = /?, Oi> = 8, 0E^€\ and if the planes 
OAB, ODE intersect in OP; it follows, as in (3), that, Fa/3 and 
FSc being both perpendicular to OP, 

F(Faj8FS€) is along OP and is therefore =wOP. 

5. Connection between the representation of the position of a 
point by a vector and its representation by Cartesian co-ordinates. 

If 05, y, z be the perpendicular distances of a point F in space 
from the planes of yz, %x, xy respectively (fig, of Art. 16); t, y, h 
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unit vectors in the directions of x,y,z; then ad is the vector of 
which the line is x (Art. 3) ; consequently OM along Ox, MN 
parallel to Oy and JSfP pkrallel to Oz, being as, y, « as co-ordinates, 
they are xi, yj, zk as vectors. 

Now vector OF = 0M+ MN-^ iVT, 

and is therefore p = xi + yj + zk. 

The same method of representation is evidently applicable 
when the planes of reference are not mutually at right angles. 
If x,y,zhe the co-ordinates of P referred to oblique co-ordinates; 
a, p, y unit vectors parallel respectively to a?, y, z; then 

vector OP = xa-{-yP-\-zy. 

Cob. When x, y, z are at right angles to one another 

p = xi + yj -hzk 
gives Sip = -x, Sjp^-y, Skp = -z; 

.-. {Sipy+(Sjpy-^(Skpy=af+y'-^^ 

= OP". 

Ex. To find the volume of the pyramid of which the vertex is 
a given point and the base the triangle formed by joining three 
given points in the rectangular co-ordinate axes. 

Let A, B, G be the three given points ; 

line 0-4 = a, OB = b, OC=c; 
X, y, z the co-ordinates of the given point P, 
then vector OA = ai, OB = bj, 00 = ck ; 

and OP = xi + yj-\-zk; 

.-, PA = OA-OP=^-{{x-'a)i-\-yj + zkl 
PB = - {od-\- (y -b)j + zk}y 
PC==''{xi + yj+{z'c)kY 
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Now the volume of the pyramid PABG is 

-^S {PA . FB . PC) (31. % Cor. 1) 
= — -^S , {{x — a) i -^^ yj -¥ zk] {xi A-^y — h)j •¥ zk}{xi-\- yh + {z — c) k]. 

Multiplying out and observing that only terms which involve 
all of the three vectors », j, k produce a scalar in the product, 

we get 

1 
(+ or -) Yol. = - ^ {(aJ - a) (J>z + cy — be) - cxy — bxz} 



= 7ja5cf- + r + --l). 
6 \a c / 



The siffn of the result will of course depend on the position 
of P. 



Additional Examples to Chap. III. 

1. If in the figure of Euclid i. 47 BF, GH, KE be joined, 
the sum of the squares of the joining lines is three times the sum 
of the squares of the sides of the triangle. 

The same is true whatever be the angle A. 

2. Prove that 

4:AD^ (Art. 7, Ex. 4) = 2 {AE" + il(7«) - BCT, ' 

3. If P, Q, Ry S be points in the sides ABy BC, GDy DA of 
a rectangle, such that PQ = ES, prove that 

AF'-^CS' = AQ' + CP'. 

4. The sum of the squares of the three sides of a triangle is 
equal to three times the sum of the squares of the lines drawn 
from the angles to the mean point of the triangle. 
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5. In any quadrilateral, the product of the two diagonals and 
the cosine of their contained angle is equal to the sum or difference 
of the two corresponding products for the pairs of opposite sides. 

6. li a, h, c he three conterminous edges of a rectangular 
parallelepiped ; prove that four times the square of the area of 
the triangle which joins their extremities is 

= a'b' + ft V + c V. 

7. If two pairs of opposite edges of a tetrahedron be respect- 
ively at right angles, the third pair will be also at right angles. 

8. Given that each edge of a tetrahedron is equal to the edge 
opposite to it. Prove that the lines which join the points of 
bisection of opposite edges are at right angles to those edges. 

9. If from the vertex of a tetrahedron OABC the straight 
line OD be drawn to the base making equal angles with the 
faces OAB, GAG, GBG ; prove that the triangles GAB, GAG, GBO 
are to one another as the triangles DAB, DAG, DBG. 



CHAPTER IV. 



THE STRAIGHT LINE AND PLANE. 




32^ Equations of a straight line. 

1. Let ^ be a vector (unit or otherwise) parallel to or along 
the straight line; a the vector to a given p 
point A in the line, p that to any point what- 
ever F in the line, starting from the same 
origin j then -4P is a vector parallel to fi 

= «A say, 

and OF=OA+ AP 

gives p = a + a;^(l) 

as the equation of the line. 

2. Another form in which the equation of a straight line 
may be expressed is this : let OA = a, Oir= P be the vectors to 
two given points in the line ; then 

^J5 = ^-aand^P = a;(^-a); 

.-. p=^a + x{P-a) (2). 

Of course the fi of No. 2 is not that of No. 1. The firat form 
of the equation supposes the direction of the line and the position 
of one point in it to be given, the second form supposes two points 
in it to be given. 

3. A third form may be exhibited ia which the perpendicular 
on the line from the origin is given. 
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Let OD perpendicular to -4P=8; then 

2>P = p-8and58(p-8) = 0, 
V>ecaiise OD is perpendicular to AP (22. 7) ; 

le.Shp = C (3), 
where {7 is a constant. 

{Note. In addition to this we must have the equation of the 
plane of the paper, in which p is tacitly supposed to lie. This 
may be written as S^p ==0.) 

33, Equation of a plane. 

Let P be any point in the plane^ OD perpendicular to the 
plane ; and let 

Oi> = 8, OP-=p', 

then p-S = DP, 

which is in a direction perpendicular to 0Z> ; 

.-. /^8(p-8) = 0, 

or JSSp = 8", 

or S^ = l. 

CoR. 1. If SSp = G be the equation of a plane, 8 is a vector 
in the direction perpendicular to the plane. 

CoR. 2. If the plane pass through 0, p can have the value zero, 

.*. SSp = is the equation. 

Cor. 3. Since a vector can be drawn in the plane through i), 
parallel to any given vector in or parallel to the plane ; if j5 be 
any vector in or parallel to the plane, SS^ = 0. 

34, We proceed to exhibit certain modifications of the 
equations of a stmight line and plane, and one or two results 
immediately deducible from the forms of those equations. 

1. To find the equation of a straight line which is perpen- 
dicular to each of two given straight lines. 

Let ^, y be vectors from a given point A in the required line, 
and parallel respectively to the given lines. 
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K OA = a as before, then since (22. 8) VPy is a vector along 
the line whose equation is required ; we have 

p'-a = xVPy, 
orp = a+a5Fj8y, 
as the equation of the line. 

2. To find the length of the perpendicular from the origin on 
a given line. 

Equation (1) of Art. 32 is 

Ifnow p = OI> = S; 

we get S&' = SBa, 

or '-OI>' = SBa; 

U& being the unit vector perpendicular to the line. 
Cob. The same result is true of a plane. 

3. To find the length of the perpendicular from a given point 
on a given plane. 

Let Sap = C he the equation of the plane, y the vector to the 
given point. 

Then if the vector perpendicular be xa (33. Cor. 1), 

p^y-^Xa 
gives Say + xa' = C, 

and the vector perpendicular is 

xa== •\- a"^ (G - Say) ; 

the square of which with a - sign is the square of the perpendi- 
cular. 

4. To find the length of the common perpendicular to each 
of two given straight lines. 
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Let py p^ be unit vectors along the lines; a, a^ vectors to 
given points in the lines ; 

p = a + x^, 

the vectors to the extremities of the common perpendicular 8. 

Then since 8 is perpendicular to both lines, it is perpendicular 
to the plane which passes through two straight lines drawn pa- 
rallel to them through a given point ; 

.-. (21. 3)8 = yFj8A. 
But 8 = p-pj = a + a5^ — ttj- jCjjSj , 

hence S^ 8/3^^ = S.{a-a,) jS^^ ; 

ie. S{yVfiP,.m=S.(a-a,)pp,, 

because Srpp^Spp^ = 0; ^ 



• • 



^" {rmy 



whence 8 = yV^P^ is known. 

5. To find the equation of a plane which passes through three 
given points. 

Let a, ^, y be the vectors of the points. 

Then p — a,a-j8, j8 — y are in the same plane. 

.-. (Art. 31. 2. Cor. 2) S. (p-a)(a-^)(y5-y) = 0, 
or Sp(VaP^ rPy-h Vya)-S. a/3y-0 

is the equation required. 

CoR. Va/S + VPy + Fya is a vector in the direction perpen- 
dicular to the plane; therefore (No. 3) the perpendicular vector 
from the origin 

= S. a/3y . (ra/3+ ri3y+ rya)-\ 

6. To find the equation of a plane which shall pass through 
a given point and be parallel to each of two given straight lines. 
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Let y be the vector to the given point, p = a + x^^ p = a^ + x^P^ 
the lines ; then if lines be drawn in the required plane parallel to 
each of the given straight lines — ^these lines as vectors will be 
P, ^j : also p — y is a vector line in the plane ; 

••• S'fiPiip-y) = (31. 2. Cor. 2), 

which is the equation requii*ed. 

7. To find the equation of a plane which shall pass through 
two given points and be perpendicular to a given plane. 

Let a, p be the vectors to the given points, SSp - the equa- 
tion of the plane; then the three line? p — a, a — ^, 8 are vectors 
in the plane ; 

.-. /y.(p-a)(a-^)8 = 0, 

or S.p{a-'l3)B-^S.apS = 0. 

8. To find the condition that fov/r points shall he in the same 
plane, 

1. Let OA, OB, OG, OB or a, /?, y, 8 be the vectors to the 
four points ; then 8 — a, 8 — ^, 8 — y are vectors in the same plane ; 

.-. >S'.(8-a)(8-j8)(8-y) = 0(3L 2. Cor. 2), 
or S . &Py + S . a^y + S . ap8 = S . a^y (1). 

2. Another form of the condition is to be obtained by as- 
suming that 

rf8 + cy + 6j8 + aa = (2), 

and substituting in equation (1) the value of 8 deduced from 
this equation. The result is 

a h c ^ f. 

or a + 6 + c + c?=0 (3). 

Equation (1), or the concurrence of equations (2) and (3) is the 
condition necessary and sufficient for coplanarity. 

9. To find the line of intersection of two planes through the 
origin. 
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Let Sap - 0, SPp = be the planes. 

Since every line in the one plane is perpendicular to a ; and 
every line in the other perpendicular to P) the line required is 
perpendicular to both a and p^ and is therefore parallel to Fa)3, 
or p = xVap is the equation, 

10. The equation of the plane which passes through and 
the line of intersection of the planes Sap = Oy SPp = 6 is 

For 1^ it is a plane through ; 2^ if p be such that Sap = a, 
then must SPp = h. 

11. To find the equation of the line of intersection of the two 
planes. 

Let p = 7na + np + xVap 

be the equation required. 

Then Sap = ma' + nSafi = a, 

since Va^ is perpendicular to a, and similarly 

SPp=-mSal3 + nlS' = h, 

. aP^-hSaP _ hSaP^ap^ 
• • "^"a'ff-^iSaBY IVaBY ^^'^' ^^' ^^' 



n 



^P'-iSapy (VaP) 

_ aSaP-ha' aSap-ha' 



{Sapy^a'P' (Vapy * 

35, We offer a few simple examples. 

Ex. 1. To find, the locus of the middle points of aU straight 
lines which are terminated by two given straight lines. 

Let AFy BQ be the two given straight 
lines, unit vectors parallel to which are ^, y; 
AB the line which is perpendicular to both 
AP, BQ. 

Let be the middle point of AB; vector 
OA = a; B the middle point of any line FQy 
vector OB = p ; then 
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But RP^RQ = 0\ 

,\ 2p=^xP + yy; 

hence, since Safi = 0, Say = 0, 

Sap = is the equation required ; and the locus is a plane passing 
through (33. Cor, 2), and perpendicular to OA (33. Cor. 1). 

Note that, if ^ || y, we have simply 

and, as there is now but one scalar indeterminate, the locus is a 
straight line instead of a plane. 

Ex. 2. Plcmes cut off^ from, the three rectangular ca-ordlnaie 
aoceSf pyra/niids of equal volume^ to find the locus of the feet of per- 
pendiculars on tliemfroni t/ie origin. 

Here the axes are given^ so that t, j, k are known unit vectors. 

Let aiy hj, ck be the portions cut off from the axes by a plane, 
the perpendicular on which from the origin is p. 

Then p — ai is perpendicular to p ; 

.*. Sp{p — a{) = Oy 

or p^ = aSip. 

Similarly, p' = bSjp, 

p' = cSkp, 

Hence p* = abc Sip Sjp Skp 

= CSipSjpSkp, 

since ahc is by the problem constant. 

If 05, y, be the co-ordinates of p thi^ equation gives at once 

as the equation required. 

T. Q. ^ 5 
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Ex. 3. To find the locus of the middle points of straight lines 
terminated by tux> given straight lines and cUl parallel to a given 
plane, 

Ketaining the figure and notation of Ex. 1, let S be the vector 
perpendicular to the given plane : we have 

2QP=2a + xp-yy. 
Now S8QF=0 (33. Cor. 3) ; 

.-. /S8(2a + a;/?-yy) = 0; 
_ 2SaS S^} 

and 2p = xP + -^y^x^y 

^ay + x(P + by), 

where « = , ^ , h = -J-^ are constants^ {SyS for instance is the 

negative of the cosine of the angle between one of the given lines 
and the perpendicular to the given plane). 



•)• 



Now j8 + 6y is a known vector lying between p and y ; call it 
€, and 2p = ay + X€ is the equation required; which is that of a 
straight line, not generally passing through (32. 1). 

Ex. 4. OA, OB are two fixed lines, which are cut by lines 
AB, A*B^ so that the a/rea AOB is constant; a/nd also the product 
OA, OA! constant. It is required to find the hcus of the intersec- 
tions ofAB, A'B\ 

Let the unit vectors along OA, OB be a, j8 respectively. 

OA = 7?^a, OA' — m'a, 
0B = nl3, OB' = n'P; 
then the conditions of the problem are 



mm' = a,. 
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Now i£AB, A'B' intersect in P, and OF=pf we have 

p=OA + AP * 

= ma + X {np - ma), 
p=OA'^A'P 
= m'a + x' {n'P — m'a) ; 

£^— )' 
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or p = wa + a5 



/J = m'a + 05' f — 7 )8 — m'a j ; 



.*. m-xm^m' — x'm', 



and 



05 _ a/ 
m m' 



Hence 



m 



aj- 7 

m + m 


m» 


m' + a' 




m' + a 


m , 



and p= , . — . ^,-,, 

and the locus required is a straight line, the diagonal of the 
parallelogram whose sides are aa, Cp. 

Ex. 5. To find the locua of a point such that the ratio of its 
diatancea from a given point and a given straight line is constant — 
aU in one pUme. 

Let S be the given point, DQ the given 
straight line, SF = eFQ the given relation. 

Let vector SD^a, SP = p, DQ = yy, 
y being the unit vector along DQ, 

FQ = xa; 

then Tp = eT(FQ), 

5—2 
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giTcs p*=«*2X^, where P<? is a vector. 



=e'X'(^, 



But p + xa=SQ=SD^DQ 

.-. Sap + xaL* = a*y for Say =0, 

and «'a* = (a'-iSap/; 

hence aV = «• (a* - SapY, 

a BorfiEUK of the second oidery whose intersection with the plane 
S. ayp = is the required locos. 

Ex. 6. The same problem when the points and line are not in 
the same plane. 

Ketaining the same figure and notation, we see that FQ is no 
longer a multiple of a ; but 

PQ = SQ-SF 

= a + yy-p; 

.-. p« = e*(a+yy~p)', 
and because PQ is perpendicular to DQ 

/Sy(a + yy-p) = 0; 

and p* = 6* (a — ySyp — p)*, 

a sur£ice of the second order. 

Ck)B. If e = 1, and the surface be cut by a plane perpendicular 
to DQ whose equation is Syp = c, the equation of the section is 

a' + c*-2/S'ap = 0, 

another plane, so that the section is a straight line. 

7. To find the locus of the middle points of lines of given 
minated hy each of two given straight lines. 
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Betaining the figure and notation of Ex. 1, and calling EP c, 
we have 

2p = xP^yy (1), . 

and ^RP^RP-RQ^^a + xp-yy (2). 

From equation (1) we have 

Sap = (22. 7), 
2SPp=--x + ySpy, 

because )3 is a unit vector, 

2Syp=xSPy'-y. 

The first of these three equations shews that p lies in a plane 
through perpendicular to AB (33. Cor. 2). 

The second and third equations give 

2{Spp+SpySyp) 
*- {SPyY-l ' 
2(Syp+SpySPp) 

y- {spyy^i • 

Now (2) gives, by squaring, 

- 4(J« = 4a» + a^'jg* + y»y»- 2ajy/SiSy, 
in which, if the values of x and y just obtained be substituted, 
there results an equation of the second order in p. 

Hence the locus required is a plane curve of the second order, 
or a conic section, which by the very nature of the problem must 
be finite in extent and therefore an ellipse. 

Ex. 8. If a plane be d/rawn through the points of bisection of 
two opposite edges of a tetrahedron it toiU bisect the tetrahedron. 

Let 2>, jf be the middle points of OB, 
AO : DFUG the cutting plane : OA, OB, 
00 = <h Py y respectively. 

OG^mY,AF==n{p^a). 

The portion ODGEA consists of three 
tetrahedra whose common vertex is 0, and 
bases the triangles AEF, EFG, FGD. 

i^ow 0J?=^(y4a), 
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OG=my, 

OF=a + n(P-a); 

and 6 times the volume cut off 

= /S.a^(a + y){a + w(^-a)} 

+ S,^{a + y)my{a + n(J3-a)} 

+ S.{a-^n(l3-a)}mylp (31.2 Cor. 1) 

= -{n-^ Tim + (1 - w) m} /S . ayj3 

= ^{n + m)S. ayp. 

But since ^, ^, D, F are in one plane, and 

2wi (1 - w) 0^ - (1 - n) OG^ + 2»mO/>- mOi^= 0, 

we must have (34. 8) 

2m (1 — w) - (1 - w) + 2mn — m = ; 
.'. w + w = 1 ; 

and 6 times the whole volume cut off 

= Tj of 6 times the whole volume, 

hence the plane bisects the tetrahedron. 

Cob. The plane cuts other two edges at F and Gy so that 

AF^ OG 

AB "^ oa • 
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Additional Examples to Chap. IV. 

1. Straight lines are drawn terminated by two given straight 
lines, to find the locus of a point in them whose distances from 
the extremities have a given ratio. 

2. Two lines and a point S. are given, not in one plane ; find 
the locus of a point F such that a perpendicular from it on one 
of the given lines intersects the other, and the portion of the 
perpendicular between the point of section and F bears to Sp 
a constant ratio. Prove that the locus of P is a surface of the 
second order. 

3. Prove that the section of this surface by a plane perpen- 
dicular to the line to which the generating lines are drawn perpen- 
dicular is a circle. 

4. Prove that the locus of a point whose distances from two 
given straight lines have a constant ratio is a surface of the second 
order. 

5. A straight line moves parallel to a fixed plane and is ter- 
minated by two given straight lines not in one plane ; find the 
locus of the point which divides the line into parts which have 
a constant ratio. 

6. Required the locus of a point F such that the sum of the 
projections of OF on OA and OB is constant. 

7. If the sum of the perpendiculars on two given planes from 
the point A is the same as the sum of the perpendiculars from By 
this sum is the same for every point in the line AB. 

8. If the sum of the perpendiculars on two given planes from 
each of three points A,B,C (not in the same straight line) be the 
same, this sum will remain the same for every point in the plane 
ABC. 

9. A solid angle is contained by four plane angles. Through 
a given point in one of the edges to draw a plane so that the sec- 
tion shall be a parallelogram. 
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10. Through each of the edges of a tetrahedron a plane is 
draM'n perpeodicular to the opposite fiEu;e. Prove that these planes 
pas8 through the same straight line. 

11. ABO is a triangle formed by joining points in the rect- 
angular co-ordinates OA^ OB, 00; OD is perpendicular to ABO, 
Prove that the triangle AOB is a mean proportional between the 
triangles ABO, ABB. 

1 2. Yap VPp + ( Vapy = is the equation of a hyperbola in p, 
the asymptotes being parallel to a, p. 




CHAPTER V. 

THE CIRCLE AND SPHERE. 

36. Equations of Hie circle. 

Let AD be the diameter of the circle, 
centre C^ radius = a, P any points 

If vector C2> = a, CP = py 
we have p'z=^a' (1). ^ 

If however AP = py 

CP = p-a, 
we have (p-a)* = -a' (2). 

If be any point, 

OP = p, OG = y, CP = p-y, 

we have (p-y)' = -a' (3). 

These are the three forms of the vector equation. 

Form (2) may be written 

p»-2^ap = 0. 

If OC = Cf form (3) may be written 

p'''2Syp^i^^a'. 

Examples. 
37* Ex. 1. The angle in a semicircle is a right angle. 

Taking the second form ' 

p'-2/^ap = 0, 
we may again write it 

Sp{p-2a) = 0', 
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therefor© p, p~2a are vectors at right angles to one another. 
Bat p-2aia DP; 

.*. DPA is a right angle. 

Ex. 2. If through any point within or toithout a circle, a 
straight line be draimi cutting the circle in the poirUs P, Q, the pro- 
diMit OP . OQ is always the same /or that point. 

The third form of the equation may be written 

{TpY + 2TpSyUp + c" - a'* = 0, 

which shews that Tp has two values corresponding to each value 
of Up, the product of which is c* — a*. Therefore, &c. 

Ex. 3. If two circles cut one another, the straight line which 
joins the points of section is perpendicular to the sl/raigkt line which 
joins the centres. 

Let 0, C be the centres, P, Q the points of section ; 

vector OC = a ; a, b the radii ; 

then (as vectors) 

OP' = ^a% 

(0P-a)« = -6«; 

.". SaOP— C, a constant. 

Similarly, JSaOQ = C, the same constant ; 

.-. Sa{OQ-OP)^0, 

or SaPQ = 0, 

i. e. PQ is at right angles to 00. 

Ex. 4. is a fixed point, AB a given straight line, A point Q 
is taken in the line OP drawn to a point P in AB, such that 

OP.OQ = k'; 
to find the locus of Q, 

Let OA perpendicular to -45 be a, vector a ; 

OQ = p, OP = xp; 
then T{OP.OQ)=:k\ 

or xp' = — ^'. 
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But Sa{xp-a) = 0; 

.'. ocSap = '-a' ; 

hence p'=-a 'S'ap 

a 

is the equation of the locus of Qy which is therefore a circle, 
passing through 0, 

Ex. 5. Straight lines a/re draum thrcmgh a fixed pointy to fimd 
the hcu8 of the feet of perpendiculara on theim from, another fiased 
point. 

Let 0, A be the points, the lines being drawn through A. 
Let OA = a, and let p = a + aj^ be the equation of one of the lines 
through A, 8 the perpendicular on it from 0. 

Then h^a + xp, 

and SS' = SaS, 

because 8 is perpendicular to p ; 

ie. 8»-/Sa8 = 0, 
the equation of a circle whose diameter is OA, 

Ex. 6. A chord QR is draum parallel to the diameter AB of 
a circle : P is any point in AB ; to prove that 

FQ' -^ FJR' = PA' -^ FB'. 

Let CQ = p, CF = p% FC = a; 

then FQ' = - (vector FQ)' 

= -(a + p)»=:- (a'+ 2;S'ap + p"), 
Pi?» = -(a + p7 = -(a« + 2.^ap' + p'^; 

.-. FQ' + FB'=^2FG' + 2AC''-2{Sap + Sap'). 
But ^(p + p')(p-p') = andp-p' = a3a, 

because QR is parallel to AB ; 

. •. Sap + Sap* = 0, 

and FQ" -h FR' = 2FC + 2AC 

^FA' + FB'. 
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Ex. 7. If three given circles he cut hy any other circle^ the 
chorda of section wUlform a tricmgle, the loci of the angvlar points 
of which a/re three straiglU lines respectively perpendicvla/r to the 
lines which join the centres of the given circles ; and these three 
lines meet in a point. 

Let -4, j5, C be the centres of the three given circles ; a, 5, c 
their radii; a, P, y the vectors to -4, -B, G from the origin 0] 
OAy OBy 00 respectively p, q, r; D the centre of the cutting 
circle whose radius is jB, OD = Sy vector OI> = B, p the vector to 
a point of section of circle D with circle A ; then we shall have 

and .-. 2/8^(8- a)p = i?'-o'-«'+j9'. 

Now this is satisfied by the values of p to both points of sec- 
tion ; and being the equation of a straight line (32. 3) is the 
equation of the line joining the points of section of circle D with 
circle A — call it line 1, and so of the others ; then 

line 1 is 2^(8-a)p =jB«-a»-a»+^', 

line 2 is 2;S'(8-i8)p' = ^-y-«» + ^, 

line 3 is 2AS^(8-y)p" = ^-c'-«» + r'. 

If 1 and 2 intersect in P whose vector is p^, 1 and 3 in © (pj; 
2 and 3 in 2? (p^, we shall have by subtraction 

atP, 2^(a-j8)pj = a"-5"-2>" + ^^ 

ate, 2^(y-a) p, = -a'+c"+y-r'; 

ati?, 2AS'08-7)p3 = 5*-c«-^' + r'; 

therefore (32. 3) the loci of P, Qy R are straight lines, perpen- 
dicular respectively to AB, AO, BO. 

Also at the point of intersection of the first and third of these 
Hues, we have, by addition, 

2S{a--y)p^a''-c''-p' + r', 

which is satisfied by the second : hence the three loci meet ih a 
Doint. 
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• Ex. 8. To find the equation oftlie cissoid. 

AQ is a chord in a circle whose diameter la AB, QN pei-peu- 
dicular to AB. 

AM is taken equal tp -fiiV, and MP is drawn perpendicular 
to AB to meet AQ in P\ the locus of P is the cissoid. 

Let vector -4P = TT, AC = oLy AM^ya^ AQ = asir; 

then y : 1 :: 2-y : x,hj the construction ; 

2 

^ l+X 

Now sifir''-2xSair = 

is the equation of the circle ; 

2Sa7r 



.-. x = 



7r« 



Also IT = AM+ MP 

.'. Sair = ya', 

Sair 
a 



hence 



and (ir" + 2ASa7r) Saw = 2a V, 

is the equation required. 

Ex. 9. If ABCD is a 'parallelogram^ and if a circle be de- 
scribed passing through the point A, and cutting the sides AB, AC 
and the diagonal AD in the points F, G, H respectively ; then the 
rectangle AD ,AH is equal to the sum of the rectangles AB , AF, 
and AG , AG, 



Let AB^a, AG^fiy AD^y 

AF=xa, AG = yPy AH=zy; 
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« 

the vector diameter of the circle j then 

whence, since y = a + A 

zr/ = xa? + y^ ; 

le. AD.AH^AB.AF+AG.AG. 
Ex. 10. TFi^ {« represented by the equation 

li cLj p he not at right angles to one another, we can put 
aj + ep for a, and so choose e that JSa^fi = 0. 

We shall therefore consider a, )3 as vectors at right angles 
to each other, and we may, on account of x^ assume their tensors 
equal, and each a unit. 

or, if sin ^ = 



cos^ = -7_-=^, 
Vl+a 

p = - sin ^ (asin ^ + jScos ^), 
whence Tp (= r) = sin ^, 

a circle of which the diameter is a unit parallel to a and the 
origin a point in the circumference; and j3 a tangent vector at 
the origin. 



Otherwise. Sap = :; = , 

'^ 1 + a" 



X 



or —p* = Sap. 
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Or, again, p~* = a + ojjS ; 

whence Sap~ * = — 1 , 

or Fj8 (p" - a) = 0, 

or i^^ = l. 

-where U stands for the versor of the quaternion ; 
all of these being, with the obvious condition S . a^p = 0, varieties 
of the form of the equation of a circle, referred to a point in the 
circumference, the diameter through which is parallel to a. 

Draw any two radii p and pj, then we have 

^S'. Up-'U{p-'^p-') = S.Up-'U^^^^^ 

PiP 

= ^.t7p-tr£LfaOP. 

PiP 

Kow ^' ^^ 7 a ^ ^ill ^6 rendered a unit if we take a unit 
PiP 
vector along each of the three vectors p^, (p - pj, and p ; 

.-. S. U'p"U'{p-'-p'") = S.Up"Up^U{p-p,)Up 

= S.Up^U{p-pj). 

But Pi" -p"' = (a^i -«))»; 

.% u{pr^p-')=^p, 

and S. Up-'U(p,-' -P'l = SP^P'' = -SpUp. 

Hence S. Up,U{p - p,) = - SpUp. 

If p be constant whilst p^ varies, the right-hand side of this 
equation is .constant, and the equation shews that the angles in 
the same segment of a circle are equal to one another. 

Further, the form of the right-hand side of the equation, viz. 
^SpUpf shews that the angle in the segment is equal to the sup- 
plement of the apgle between the chord (p) and the tangent (jB), 

38. ^o draw a tangent to a circle, 

1. If we assume the first form of the equation, the centre 
bding the origin, and assume also that the tangent is at right 
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angles to the radius drawn to the point of contact ; we shall have, 
denoting by ir a vector to a point in the tangent, 

for IT - p is along the tangent ; 

is the equation required. 

2. Without assuming the property of the tangent, we may 
obtain it as follows. 

Let p' be a point in the circle near to P ; then 

from the equation ; 

Le. S{p' + p){f/-p) = 0. 

But p' + p is the vector which bisects the angle between the 
vectors to the points of section, and p —p is a vector along the 
secant. 

Now the equation shews (22. 7) that the former of these lines 
is perpendicular to the latter. 

As the points of section approach one another, the tangent 
approaches the secant, and the bisecting line approaches the radius 
to the point of contact : therefore the radius to the point of 
contact is perpendicular to the tangent. 

39. From a point without a circle two tangents are drawn 
to the circle, to find the equation of the chord of contact. 

Let P be the vector to the given 
point, 

Sirp = - a* 

the equation of a tangent; then since 
it passes through the given point 

SI3p=-a'. 

Now this equation is satisfied for both points of contact, and 
since it is the equation of a straight line (32. 3) it must be satis- 
fied for every point in the straight line which passes through those 
points : it is therefore the equation of the chord of contact To 
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avoid the appearance of limiting p to a point in the circle, we may 
write o- in place of p ; and the equation of the chord of contact 
becomes 



Examples. 

40, Ex. 1. If chords he drawn throv^h a given pointy and 
tangents be dravon at the points of section^ the corresponding pairs 
of tangents vnll intersect in a straight line. 

Let y be the vector to the given point G, the centre C being 
the origin ; jS the vector to 0, the point of intersection of two 
tangents at the extremities of a chord through G; then the equa- 
tion of the chord of contact is (39) 

Spa^^-a', 

and as the chord passes through G we have 

Sl3y:^'-a\ 

which, since y is a constant vector, is the equation of a straight 
line, the locus of p. 

CoR. 1. The straight line is at right angles to CG (32. 3), 

Cor. 2. The converse is obviously true, that if through points 
in a straight line pairs of tangents be drawn to a circle, the chords 
of contact all pass through the same point. 

Ex. 2. Any chord draum from the point of intersection of 
two ta^igents, is cut harmonically by the circle and the chord of 
contact. 

Let radius = a, 00 = 0, OE=p, OS=q, vector 0(7= a, unit 
vector OE = p; then 

(PpY - 2pSap ^c'-^a' 

is the equation of the circle ; 

ie. p^ + 2pSap + c" - a' = 0, . 

T. Q. 6 
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a quadratic equation wMch gives 
the two yalues of p, viz, OB and 
OT; 

Saqp = SaON', 
i.e. qSap^Sa{OG"FCI) 

= .c» + a* (39); 

2Sap 

1 1 

+ 



hence 



[CHAP. V. 




OH OT' 

Ex. 3. If tcmgenU he d/rawn cU the angvla/r points of a triangle 
inscribed in a circle^ the intersections of these tcmgents with the 
opposite sides of the triangle lie in a straight line. 




Let radius = a, 0^ = o, OB = p, OC = y, then 

OP = tt + a;-4P = )8 + y(y-/J). 



li 



ART. 40.] 



THE CIRCLE AND SPHERE. 



83 



But a is perpendicular to AF ; 

.-. Sa' = Sap + yS {ay- ap), 
a' + Sap 



y=- 



Say--SaP' 



and 



Say - Safi 



Similarly, 0Q = 



_ («• + Sa^) y-(a' + SI3y) a 
<Sal3 - SPy 

^^ ^ (a' + SPy)a-{a' + Say)P 
S/Sy — Say 



Hence 



(Say - SaP) OP + {SaP -• S/3y) OQ 

-^ {Spy -Say) OR = 0, 

whilst {Say-SaP) + {Sap-SPy) + {SPy-Say) = 0. 

Consequently (Art. 13) P, §, jR are in the same straight line. 

CoR. FQ : FJR :: Spy-Say :: SPy-Sap 

:: cos 2B — cos 2A : cos 20 - cos 2A 
:: sin (7 sin (-5 -<4) : sin .6 sin (C-^). 

Ex. 4. AJixed circle is cut hy a numher ofcircleSy all ofwTiich 
pass thr<mgh two given points ; to prove that the lines of section of 
the fixed cvrch with each circle of the series all pass through a point 
whose distances from the two given poi/rUs are proportional to the 
sqtia/res of the tcmgefrds dra/umfrom those points to thefioced circle. 

Let be the centre of the it 

fixed circle whose radius is a. 
Ay B the given points, vectors 
o, P, the origin being ; OA = 6, 
0B=:e; the centre of a circle 
which pass^ through A and B^ 
radius r ; 00 =p, ir the vector to 
any point in the circumference of 
this circle; then the equation of 
the circle is (ir-p)*=-r"j 

6—2 
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hence for the four points -4, B, F, Q, we have 

01^-23. OFp + p'^'-r', 
0Q'-.2S.0Qp + p' = 't'. 
From which it follows that 

S(OP-OQ)p'^0 (1), 

-6« + c» = a--j8* = 2^(a-)8)p (2), 

2^(OP-a)p = OP»-a» = -a»+6' (3). 

Let QPf AB intersect in R^ OR = cr ; then 

S<Tp = S{OP'\'x{OP--OQ)}p 
= S.OPphj{l\ 
and Sa'p = S{a + y{a-P)}p 

= ^ap + |(-6« + c»)by(2); 

.\ y{-h' + c") = 2S<rp - 2Sap 

= 2S{0P'-a)p 
= -a» + 6*b7(3), 

i.e. y is independent of p and r; or if is the same point for 
every circle ; 

also ^^Jo'-«>-g'-a')^ 

and -ffii : RB :: a-Oi? : ^- 07? :: 6»-a* : c'-a' 

41. The Sphere. 

1. It is clear that there is nothing in the demonstration of 
Art. 36 which limits the conclusions to one plane ; it follows that 
the equations there obtained are also equations of a sphere. 

2. . Further if we assume that the tangent plane to a sphere 
is perpendicular to the radius to the point of contact^ the con- 
clusion in Aii}. 38 is appli<3able also. 
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The equation of the tangent plane to the sphere is therefore 

Swp = — a'. 
3. Lastly, the results of Art. 39 are also applicable if we 
substitute any number of tangent planes passing through a given 
point for two tangent lines; the equation of the plane which 
passes through the points of contact is therefore 

S^a- — a'. 
This plane is the polar plane to the point through which the 
tangent planes pass. 

Cor. Since the polar plane is perpendicular to the line which 
joins the centre with the point through which the tangent planes 
pass, the perpendicular CD to it from the centre is along this 
line and has therefore the same unit vector with it. The equa- 
tion above gives in this case 

S{GO.CJ)(Upy}=:-a'; 
.-. CO. CD = a' (19). 

Examples. 

42. Ex. 1. Every section of a spJiere made by a pla/ne is 
a circle. 

Let p' = — a' be the equation of the sphere, a the vector per- 
pendicular from the centre on the cutting plane ; c the correspond- 
ing line. 

Let p = a + TT ; 

then the equation becomes 

But Sair = ; 

.% 7r» = -(a»-c") 
is the equation of the section, which is therefore a circle, the square 
of whose radius is a* - c*. 

Ex. 2. To find the curve of intersection of two spheres. 
Let the equations be 

p»-2/^a>=C"; 
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.-. 2S{a-a)p=C-'C\ 

a plane perpendicular to the line of which the vector is a' — a, 
i.e. to the line which joins the centres of the two spheres. 

Hence, by Ex. 1, the curve of intersection is a circle. 

Ex. 3. To find the locus of the feet of perpendicvla/ra from the 
origin on plcmea which pass through a gi/ven point. 

Let a be the vector to the point, 8 perpendicular on a plane 
through it ; then 

SS(p-a) = 

is the equation of that plane ; therefore for the foot of the per- 
pendicular 

^(8»-a8)=0; 

or 8'-/SV8 = 

is true for the foot of eveiy perpendicular and is therefore the 
equation of the suiface required. Hence it is a sphere whose 
diameter is the line joining the origin with the given point. 

. Ex. 4, Ferpendictdars are drawn from a point on the surface 
of a sphere to all ta/ngent planes, to fmd the locus of their extremi- 
ties. 

Let a be the vector to the given point, 

Sirp = — a' 

the equation of a tangent plane. 

Since the perpendicular is parallel to p, its vector is 

7r = a + xp; 

m 

= - a?a^ ; 
because both p and a are vector radii. 

But Svp = - a" gives with xp^ir^Oj 

Sir {it — a) = — a'Xf 
(7r'-AS'a7r)«=aV 

= — a* X — a V 
= — a' (tt - a)*. 
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Ex. 5. If the poinJtsfrom which tangent plounes a/re dra/um to 
a sphere lie always in a straight lijie, prove that the planes of sec- 
tion all pass through a given point. 

Let GB be perpendicular to the line in which the point /} 
lies (41), see fig. of Art. 39, 

CJS = c, vector CE^S; 

then SpS=-<f 

is the equation of the line. 

But SfifT^-a* 

is the plane of contact, which is therefore satisfied by 

■ > 

i. e. the planes all pass through a point G in GEy such that 

GG = ^,GE, 
c 

or GE.GG^a'. 

Ex. 6. If three spheres intersect one another, their three planes 
of intersection all pass through the same straight line. 

Let a, ^, y be the vectors to the centres of the three spheres, 

p* - 2Sap = a, 
p''-2SPp = b, 

their three equations ; 

.•. 2S{a-p)p = b'a, 
2S{a — y)p = C'-a^ 
2S{^-y)p==e-b, 

are the equations of the three planes of intersection. 

Now the line of intersection of the first and second of these 
planes is obtained by taking p so as to satisfy both equations^ 
and therefore their difference 

2^0S-y)p=c-5, 
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which, being the third equation, proves that the same value of p 
satisfies it also. The three planes consequently all pass through 
the same straight line. 

Ex. 7. To find, the locus of a 'point, the swm of the sqtvarea 
of wJiose distances from a number of given points has a given 
value. 

Let p denote the sought point; a, )3,... the given ones ; then 

(p«a)'+(p-^)" + <kc. = S(p-a)* = -.(7. 

If there be n given points ; this is 



or 



(-?)■= (i)"-s<^--*«> 



This is the equation of a sphere, the vector to whose centre is 

i 2 (a), 

n ^ ' 

i e. the centre of inertia of the n points taken as equal. 
Transpose the origin to this point, thjDn (36) 

and p' = -l{2(a-) + (7}. 

Hence, that there may be a real locus, C must be positive 
and not less than the sum of the squares of the distances of the 
given system of points from their centre of inertia. If C have 
its least value, we have of course 

the sphere having shrunk to a point. 

Additional Examples to Chap. V. 

1. If two circles cut one another, and from one of the points 
of section diameters be drawn to both circles, their other extre- 
'"'*''« and the other point of section will be in a straight line. 
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2. If a chord be drawn parallel to the diameter of a circle, 
the radii to the points where it meets the circle make equal angles 
with the diameter. 

3. The locus of a point from which two unequal circles sub- 
tend equal angles is a circle. 

4. A line moves so that the sum of the perpendiculars on it 
from two given points in its plane is constant. Shew that the 
locus of the middle point between the feet of the perpendiculars 
is a circle. 

5. If Oy 0' be the centres of two circles, the circumference 
of the latter of which passes through ; then the point of inter- 
section A of the circles being joined with 0' and produced to 
meet the circles in (7, 2>, we shall have 

A0.AD=^'1A0\ 

6. If two circles touch one another in 0, and two common 
chords be drawn through at right angles to one another, the 
sum of their squares is equal to the square of the sum of the 
diameters of the circles. 

7. Ay By (7 are three points in the circumference of a circle; 
prove that if tangents at B and C meet in 2>, those at and A 
in E, and those at A and i? in F\ then ADy BE^ CF will meet 
in a point. 

8. If ^, jff, C are three points in the circumference of a 
circle, prove that V{AB.BC , CA) is a vector parallel to the tan- 
gent at A, 

9. A straight line is drawn from a given point to a point 
jP on a given sphere : a point Q is taken in OP so that 

Prove that the locus of Q is a sphere. 

10. A point moves so that the ratio of its distances from two 
given points is constant. Prove that its locus is either a plane 
or a sphere. 
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11. A point moYes so that the sum of the squares of its 
distances from a number of given points is constant. Prove that 
its locus is a sphere. 

12. A sphere touches each of two given straight fines which 
do not meet ; find the locus of its centre. 



CHAPTER VI. 



THE ELLIPSE. 



43. !• If we define a conic section as " the locus of a point 
which moYes so that its distance from a fixed point bears a con- 
stant ratio to its distance from a fixed straight line " (Todhnnter, 
Art. 123), we shall find the equation to be (Ex. 5, Art. 35) 

ay = e'{a'-Sapy (1), 

where SF = ePQy vector SB = a, SP^ p. 

When e is less than 1, the curve is the ellipse, a few of whose 
properties we are about to exhibit. 

2. iSA, SA' are multiples of a: call one of them oca; then, 
by equation (1), putting xa for p, we get 

a»=e»(l-a;)'; 




•. x = 



1+6' 

e 



a?=- 



1-6' 
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l-e 

... AA'=^,SD, 
1-e 

the major axis of the ellipse, which we shall as usual abbreviate 
by 2a. 

If G be the centre of the ellipse 



CS 



=^SA'-CA'=(^^^^SD = eGA 

\l-e 1-e/ 



= ae, 
and if vector OS be designated by a, CP by p', we have 

a = = 5 a and p''==p + cl': 

1—6 r r 

whence, by substituting in (1), the equation assumes the form 

aV"+(&V)' = -a*(l-e»); 
which we may now write, CS being a and CP p, 

aV+(^ap)« = -a*(l-e«) (2). 

3. This equation might have been obtained at once by re- 
ferring the ellipse to the two foci, as Newton does in the Prin- 
cipia. Book i. Prop. 11 ; the definition then becomes 

/ST+J?P=2a, 
or in vectors, if 

CP = p, CS^^a, 

T(p+a) + T(p-a) = 2a; 

i.e. J- (p + a)* + ^- (p - a)'' = 2a ; 

hence, squaring, 

aj~ (p — a)*= a* + Sap ; 

i.e. ay+(^ap)« = -a«(l-e'). 
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If now we write cfrp for ^ if, wLere d>p is a vector 

'^ a (1 - e) '^ 

which coincides with p only in the cases in which either a coin- 
cides with p or when /Sap = 0, i.e in the cases of the principal 
axes j the equation of the ellipse becomes 

«Sp^p = l (3). 

The same equation is, of course, applicable to the hyperbola, 
e being greater than 1. 

44. The following properties of ^p will be very frequmJthj 
employed. The reader is requested to bear them constantly in 
mind. 

1. <^ (p + cr) = ^p + ^<r. 

2. ^p = x^p, 

rt r» , a* Sap + ScurSap 

^'^ a (1 — e ) 

^Spfjxr, 

They need no other demonstration than what results from 
simple inspection of the value of ^p 

_ a*p + aJSap 

45. To find the equation of the tangent to the ellipsa 

The tangent is defined to be the limit to which the secant 
approaches as the points of section approach each other. 

Let CF = py GQ = p\ then 

vector FQ = CQ-CP = p-p = P BSLj; 
P is therefore a vector along the secant. 

Now Sp4>p = ^ (p + )8) «/» (p + ^) 

= ^(p + ^)(^P+^^) (44.1) 

= Sp4>p -f Sp4^p + sp<i>p + Sp4>p. 
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But Sp<l>p = 1 = Sp<l>p ; 

.% Sp<l>p + SPi>p + Sp<l}P = 0, 

or (44. 3) 2SPi>p + Sp<l>p = 0. 

Now )8<^p involves the first power of j8 whilst j8<^)8 involves 
the second, and the definition requires that the limit of the sum 
of the two as /S gets smaller and smaller should be the first only, 
even if that should be zero : i. e. when fi is along the tangent, we 
must have 

2Sp<l>p = 0. 

[We might also have written the equation in the form 
Thus, however small the tensor of /S may be, 



*(p4^) 



is always perpendicular to )8. Whence, finally, 

sp<l>p = 0.] 

Let then T be any point in the tangent, vector CT = -jt, then 

IT = p + x/Sf 
and SJS^p = gives 

S{7r^p)<l,p = 0; 

»\ aStt^p = aSp^p = 1 

is the equation of the tangent. 

CoR. 1 ^p is a vector along the perpendicular to the tangent 
(32. 3), that is, ^p is a normal vector, or parallel to a normal 
vector at the point p. 

CoR. 2. The equation of the tangent may also be written 
(44. 3) Spi>7r = 1. 

46. We may now exhibit the corresponding equations in 
terms of the Cartesian co-ordinates^ as some of the results are 
best known in that form. 
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Let CM=Xy MP^y as usual; then, retainiDg the notation 
of Art. 31 with t, j as unit vectors parallel and perpendicular 
respectively to (7-4, 

vector (7if = a», MP = yj^ CS - aei ; 
.'. p = xi + yj, 

J a'p + aSap 

'»' = - «*(!-«•) 

_ a* (1 — e*) a» + a'yj 
where 6* = a' (1 - e*) ; 



• *%. 



and ^p^p = _5(aBi + 2^-)^J+gj 

= A- ^ • 

a' b" 

is the Cartesian interpretai^ion of Sp<l>p = 1. 

Again, if a/, ^^ be the co-ordinates of I^ a point in the tangent, 

and >S^*P = -^(^» + y'i)(fi+|) 

is the equation of the tangent. 
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47. The values of p and ^p exhibited in the kst Article, 



VIZ. 



enable us to write 

<l>P = '^['-^'f (2). 

We shall have 

^.(^^J^^ (3), 

^■*p = aHSip + b'jSjp, <kc 
If, further, we write ij/p for 

/{Sip jSjp\ 

we shall have 

= -<^P w, 

p = ,/r- Yp 
= -{aiSi{l/p-hhjSj\l/p) (5). 

It is evident that the properties of ^p (Art. 44) are possessed 
by all these functions. 

Now /Sp<^p = l 

gives Spil/ (iJ/p) = - 1. ' 

But since Sp\l/<r = iS<nl/p, 

this becomes /S'l/rpi^p = — 1, 

or Ti/rp = l; 
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which shews 1. that ij/p is a unit vector ; 2. that the equation of 
the ellipse may be expressed in the form of the equation of a 
circle, the vector which represents the radius being itself of vari- 
able length, deformed by the function ij/. 

Lastly, Sa<l>p = 

gives SafP = ^i/rcu/r)8 = ; 

therefore ij/a, il/fS are vectors at right angles to one another. 

48. To find the locus of the middle points of parallel chords. 

Let all the chords be parallel to the vector y3; v the vector 
to the middle point of one of them whose vector length is 2xp ; 
then 

are vectors to points in the ellipse ; 

.-. S{'ir+xP)<i>{ir + xP) = l, 

S{7r-xP)<l>{7r-xp)=l, 

multiplying out, observing that (44. 1), 

<^ (tt + x^) = <^7r + ic<t>pf &c., 

we get by subtracting, 

SirKfyp + SI3<l>Tr = 0, 
or, (Art. 44. 3), 

2STr<t>p = 0; . 

i. e. the locus required is a straight line perpendicular to <^j3. 

Now ^j3 is the vector perpendicular to the tangent at tlie 
extremity of the diameter ^ (Art. 45. Cor. 1). 

Therefore the locus of the middle points of parallel chords is 
a diameter parallel to the tangent at the extremity of the diameter 
to which the chords are parallel. 

CoR. If a be the diameter which bisects all chords parallel 
to j8 ; since 

T. Q. 7 
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we have (Art. 44. 3), 

Sp<f>a = 0, 

which is the equation to the straight line that bisects all chords 
parallel to a. Moreover P is parallel to the tangent at the ex- 
tremity of a, for it is perpendicular to the normal ^ 

Hence the properties of a with respect to P are convertible 
with those of P with respect to a : and the diameters which 
satisfy the equation 

Sa4>P = 0, 

are said to be conjugate to one another. 

49. Our object being simply to illustrate the process, we shall 
set down in this Article a few of the properties of conjugate 
diameters without attempting to classify or complete them. 

1. If (7P, CD are the conjugate semi-diameters a, P; and 
if DC be produced to meet the ellipse again in H, and P2>, FB 
be joined ; vector DP =a—p, vector J^P = a + ^. 

Now 

S {a + P)<l>{a- P) = S {a-^- P)(cl>a-- <I>P) 

= Sa<l,a-Sp<l>P-Sa4p +Sp<l>a (44. 1) 

= 0, 

because /Sa^a, Sp<t>p, each equals 1. 

Therefore a + ^, a-p are parallel to conjugate diameters. 
(Art. 48. Cor.) 

This is the property of Supplemental CJwrds. 

2. Let two tangents meet in T, CT=^ir^ and let the chord 
of contact be parallel to p. If for the present purpose we denote 
CN by a, we have 

/S7r<^(a + a;^)=:l, 
SttkI} (a + x^ P) = 1, 
for thb two points of contact. 
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Subtracting and applying (44. 1), 

hence ir and p ie. CTj QE are conjugate. 

3. The equation of the chord of contact is Sb-^ir = 1. 

For Sptjyn' = 1 (45. Cor. 2) is satisfied by the values of p at 
Q and at By and since Sp<fiTr=l or ^or^ir = l is the equation 




of a straight line, w being a constant vector (32. 3) it is the 
line 6 A 

4. If QR pass through a fixed point E, the locus of ^ is 
a straight line. 

Let or be the vector to the point E, then 

Sa-fjiir = 1 ; 

or the locus of ^ is a straight line perpendicular to ^, ie. 
parallel to the tangent at the point where CE meets the ellipse. 
(45. Cor. 1.) 

The converse is of course true. 

5. Let us now take 

(7? = o, CD=P, CN^xa, NQ^yP, CT^za; 

1—% 



^^sia^ 
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then the equation of the tangent becomes 

Sza<l> (ica + yP) =1 ', 
i.e. xzSa<l>a = 1 ; 

or j»a.«a = a'; 
geometrically CN.GT= GP\ 

6. The equation of the ellipse gives 

S{xa + yP) <^ (ica + yp) = 1, 
o^ a?SaAt>a + y'Spiip 4- 2xySa<l}p = 1, 

i.e, £c' + y*=l, 

or, since CiVis aa, (7P = a, &c., 

\cf) '^\gd) ~^' 

the equation of the ellipse referred to conjugate diameters. 

7. a = ij/'^ij/a = - (aiSiij/a + hjSj\l/a) 

. •. Vap = a5 Vij {Sul/aSjij/P - Si^pSjilfa). 

If now we call h the unit vector perpendicular to the plane 
of the ellipse, we get 

Vij = h. 

And, observing that i/^a, \l/P are unit vectors at right angles ; 
if the angle between i and ^a be 6, that between i and ?/^j8 
will be 

^ + ^, &C. &C., 

we shall have (21. 3) 

Si^ffa = — cos 6f 
Siil/p = sin tf, 
/S)'j/ra = — sin ^, 

sjij^p = - cos e. 

.% Sitl/aSjil/p'-Siil/pSjil/a^- cob' e + Bm'e = l. 
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Consequently ' Va^ = ahh ; 

i.e. Ta.TpsmFCI) = ab, 
or aU parallelograms circumscribing an ellipse are eqtml 

50, Examples. 

Ex. 1. To find ilie length of the perpendicular from the centre 
on the tangent. 

Let CY the perpendicular, which (Art. 45. Cor. 1) is a vector 
along ^p, be x<f>p ; then since Z is a point in the tangent, 

Sirtfip = 1 gives Sx<f>p<f>p = 1, 

or X {<t>py= 1 ; 

.-. (x<t>py{<t>py=h 

and Cr = T{xct>py = T^, 

(46). 






Ex. 2. The product of the perpendiculars from the fod on the 
tangent is equal to the square of the semi-axis minor. 

We have SY the vector perpendicular = Xfjyp, and as F is a 
point in the tangent, and 

CY = a -{■ x<l>py 

S{a-hX(l}p)<l>p=l, 

X {<l>py = 1 — Sa(f}p, 

JSY= Tx4>p = T^^^P , 

W 

Similarly, EZ=tI±^; 

.*. oY,SZ= T 7-^ — rs — . 

w) 
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Now (43. 2) al'p' = S'ap'-a^{l^e), 



4>P 



_ (fp + aSap 



s\ > 



C« 

.-. /Sr.fi:^=a'(l-e*) = 6». 

Ex. 3. The perp^tdieviar from the /ocu8 on the tangent in- 
tersects the tcmgetit in the cireumference of the circle described about 
the axis major. 

Betaming the notatioa of the last example, we have 

CT= a + x<f>p 

_- ■ #(l-'S'a^p ). 
= - aV - a" (1 - 6") (last example) 



= -a', 



and the line CY= a, 

Ex. 4. To ^c? <Atf locus of T when the perpendtevlar from 
t1^ centre on the chord of contact is constcmt 

If CT be «•, the equation of QR, the chord of contact, is 

^cr^=l (Art. 49. 3), 
and the perpendicular (Ex. 1) is T — ; 
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.-. (*^)' = -<!•, 
or S<l}Tr . ^ff = - c', 
or /S'ttc^c^v = - c* (Art. 44. 3); 

or -. + fi = c', 
an ellipse. 

Ex. 5. TQy TR a/re two tangents to an ellipse, and CQ\ CR 
are drawn to the ellipse pa/raUel respectively to TQ, TR ; prove 
that ^Rf is paraUd to QR, 

Let CQ = p, CR = p\ CT=a, 

then Spffia - 1, 

Sp^a = 1. 

Now since CQ' is parallel to TQ, 

CQ'=-xTQ = x(p''a), 

Similarly CR = y{p'-a), 

and JS.GQ'<I>{CQ') = 1 

gives oifS{p-a) <l}{p-a) = 1, 

i e. a' (^S'ac^a — 1) = 1, 
and y' {SatJM - 1) = 1; 

.-. y = Xy 
and qR = CR-C(^ = x(p'--p) 

= xQR] 

hence Q'Rf is parallel to QR. 

Cob. qR' : QR :: a^ : 1 

:: 1 : Sa<f}a - 1 

••1-^+^-1 

a 
where a?, ^ are the co-ordinates of T. 
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Now (43. 2) oV = -^V-a*(l-A 

*P=-o*(l-«')' 

. (Any- ^V-*** 

Ex. 3. 2%« perp&tcKeular from the /ocus on Ae tangent in- 
tersects the tamgent in ike eircumferefiux (fths circle described about 
the axis major. 

Betaining the notation of the last example we have 

CT= a + ae^p 

• /.v._ ., ■ 2Sa<t,p(l^Sa4,p) . (1 -Sa<f,p)'' 

■^^ -^ W ^ («P)' 

= - aV — a" (1 - 6") (last example) 

and the line CY= a, 

Ex. 4. To ^c? <Atf lo€U8 of T when the pefpendtevlar from 
tlie centre on the chord of contact is constant. 

If CT be «•, the equation of QE, the chord of contact, is 

JSa<f^=l (Art. 49. 3), 

and the perpendicular (Ex. 1) is T — ; 
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or S<lnr . ijm = — c*, 
or /S7r<^<^ff = -c* (Art 44. 3); 



an ellipse. 



or -. + f. = c'. 



Ex. 5. jTQ, jT^ ar« <too tanffenU to an dJUp$e^ 
are drawn to the eS^Me paraUd retpeetivdy to Ti 
that Q'E' is parallel to QR 

Let CQ = p, CB = p, CT=a, 

then Sp^=l^ 

Sp^ = 1. 
Now sinoe C^ is panIM to Ti^, 

C(/=xTQ = x(p^m). 
Similarly CiT = y(p'-«), 

and 8.C</^(a/}=\ 

gives s^S(p-mj^(p''mf^l^ 

and ^(.S«4cl^=l; 

and e'jK' = CJr-C^=;ry-^; 



hence Q'i^ is parallel to Q£ 
Cob. C'^» : GiP s jf : 1 

s 1 ; JU«-1 



where a;^ y are the 00*01 IC 
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Ex. 6. Jf a parallelogram he inscribed in an ellipse^ its sides 
are parallel to conjugate diameters. 

Let PQRS be the parallelogram. 

P© = a, PS=p, 
CP = py CS = p'i 
then CQ = p-{-a, CIi = p +a; 

.'. Sp<l>p= 1, 
S(p + a)<f,{p + a) = l; 
■wherefore 2«S/5<^a + SafJM = 0. 

Similarly 2Sp<fia + Sa<fia = ; 

.'. S{p' — p) <^a = 0, by subtraction, 
or Sp<f}a = Oy 
and (48. Cor.) fi, a are parallel to conjugate diameters. 



Additional Examples to Chap. VI. 

1. Shew that the locus of the points of bisection of chords to 
an ellipse, all of which pass through a given point, is an ellipse. 

2. The locus of the middle points of all straight lines of con- 
stant length terminated by two fixed straight lines, is an ellipse 
whose centre bisects the shortest distance between the fixed lines; 
and whose axes are equally inclined to them. 

3. If chords to an ellipse intersect one another in a given 
point, the rectangles by their segments are to one another as the 
squares of semi-diameters parallel to them. 

4. If FCr, LCD' are conjugate diameters, then PD, PD' 
are proportional to the diameters parallel to them. 

5. If § be a point in the focal distance BP of an ellipse, such 
that 8Q is to SP in a constant ratio, the locus of ^ is a similar 
ellipse. 
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6. Diameters which coincide with the diagonals of the paral- 
lelogram on the axes are equal and conjugate. 

7. Also diameters which coincide with the diagonals of any 
parallelogram formed by tangents at the extremities of conjugate 
diameters are conjugate. 

8. The angular points of these parallelograms lie on an ellipse 
similar to the given ellipse and of twice its area. 

9. If from the extremities of the axes of an ellipse four pa- 
rallel lines be drawn, the points in which they cut the curve are 
the extremities of conjugate diameters. 

10. If from the extremity of each of two semi-diameters 
ordinates be drawn to the other, the two triangles so formed will 
be equal in area. 

11. Also if tangents be drawn from the extremity of each 
to meet the other produced, the two triangles so formed will be 
equal in area. 

12. If on the semi-axes a parallelogram be described, and 
about it an ellipse similar and similarly situated to the given 
ellipse be constructed, any chord PQR of the larger ellipse, drawn 
from the further extremity of the diameter CD of the smaller 
ellipse, is bisected by the smaller ellipse at Q, 

13. If TP, TQ be tangents to an ellipse, and PCF be the 
diameter through P, then FQ is parallel to CT, 



CHAPTER VII. 



THE PARABOLA AND HYPERBOLA, 



51. As already stated, most of the properties of the hyperbola 
are the same as the corresponding properties of the ellipse, and 
proved by the same process, e being greater than 1. There are, 
however, some properties both of it and of the parabola which 
may be conveniently developed by a process more analc^ous to 
that of the Cartesian geometry. This process we shall develops 
presently. In the meantime we proceed to give a brief outline 
of the application to the parabola of the method employed in 
the preceding Chapter for the ellipse. 

52, If S be the focus of a 
parabola, DQ the directrix, we 
haveAS'P=P^, SA = AD=^a. 

If SP^p, SD = a, we have 
(Ex. 5, Art. 35) 

ay=={a'-Sapy (1). 

p — oT^Sap 



If ^= 



a 



(2). 




to which the properties of ^p in 
Art. 44 evidently apply, 
the equation becomes 

Sp(<l>p + 2a")^l (3). 

If p' be another point in the parabola, p' — p = P, the limit to 
which p approaches is a vector along the tangent; so that if 
xP = ir-pi TT is the vector to a point in the tangent ; this gives 

£r(,r-p)(^ + a-) = (4); 



ART. 52.] THE PARABOLA AND HYPERBOLA. 107 

hence the eqttation of the tangent becomes 

Sw{<l>p + a-')-\-Sa-'p=l (5). 

From (2) it is evident that 

Sa<l>p = (6), 

so that ^ is a vector perpendicular to the axis. 
From the same equation 



a 

9 



_ (/5 - a ^Sap) 



a 



= a'(«^p)' (7). 

From (4) the normal vector is 

*P+a-^ (8); 

therefore the equation of the normal is 

cr = p + aj(<^p + a"') (9). 

Equation (2) when exhibited as 

a'if^p = p — a~ */Sap, 

reads by (6), 'vector along iVT = ^SP - vector along AN\ which 
requires that 

NF=a'4>p (lOX 

i.e. ^olSo'^p (11). 

For the subtangent AT, put a5a for tt in (5), and there results 
by (6) 

X-^Sa'^p=l, 

whence [a; — •^ja=^a — aSa'^p ; 

L e. vector AT = — vector AN (by 11); 
.-. hnQAT^AUT; 
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and ST=xa gives 

a* 

= p'by(l); 

.-. line ST=SP, 

whence also the tangent bisects the angle SPQ ; and SQ is per- 
pendicular to and bisected by the tangent. 

From (8) y {€l>p + a'') = FG 

= PN+NG 

= - aVp + 2a (by 10) ; 
.-. y = -a^ y = za*y 

« = -l, 

Le. JSTG^-Sl), 
or line NG = SB, 
whence the subnormal is constant. 
And vector GP = -y{<j>p-^ oT^) = a' (<^p + a"^) ; 

.-. YectorSQ = SD-^I)Q 
= SD+'N'P 
= a + a*^p 

and SQGP is a rhombus. 
Lastly, 



2(« 


m 


= SY 

= SA+AY; 




.: AY-. 


1 'J. 
= 2 '"f'P » 



or (10) AYia parallel to, and equal to half of NP, 
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53. If dlow we substitute Cartesian co-ordinates, making 

p = xi + yjy a = — 2atj 



we shall have 



^a-V^-"*" 



r»-^ = l, 



2a' 
d'^Sap = od, 

and equation (3) becomes 

4a' a 

« 

or y' = 4:a(a + x) 

= iax' if x' = AF. 

The locus of the middle points of parallel chords is thus 
found. 

Let the chords be parallel to p, ir the vector of the middle 
point of one of the chords, 

then 'jr + xl3 = p, 

and S{w + xP) <^ (r + xfi) + 2A^a-' (^ + aj^) = 1; 

which, since the term involving x must disappear, gives 

SiTilyp + Sa-'P = 0, 

a straight line perpendicular to ^j8, i, e. (6) parallel to the axis. 

This equation may be written 

Sp (<t>w + a-') - 0, 

which shews (8) that the chords are perpendicular to the normal 
vector at the point where p = 7r, i.e. at the point where the 
locus of the chords meets the curve : in other words, the chords 
are parallel to the tangent at the extremity of the diameter which 
bisects them. 

54, Examples. 

Ex. 1. If two chords he drawn always parallel to given lines, 
cmd cut one another at points either within or loithoiU the parabola, 
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the ratio of the rectangles of their segfnenta is altoaya the aanie 
whatever he their point of section. 

Let FOp, QOq be the chords drawn through 0, and always 
parallel respectively to )3 and y, which we will suppose to be 
unit vectors. 

Let 8 be the vector to 0, 
then p = 8 + a;)8 

gives from equation (3) 

S{B + xp) (<^8 + </^iS + 2a-*) = 1 ; 
.-. afSp<l>p + S&^-^2Sa-'B + Ax = l, 
the product of the two values of x being 

/S8<^8 + 2^a-*8-l 
SP4>P ' 

''^OP.Op:OQ.O,::^^:^^ 
a constant ratio whatever be 0. 

CoR. Let 6f ff he the angles in which ^ and y cut the axis ; 
then since j8, y are unit vectors, if p be a vector to the parabola, 
drawn from S parallel to POp, which we may now call SF; 

p = np, 4>p = 4> (np) = n^p (44. 2), 
will give 



in which casp ^p is 



n' SF^ 
NF 



a 



NF N'F 

1 1 

and, OF . Op : OQ . Oq :: -^-07; : -r-o7> . 

Ex. 2, jFtn(2 ^^ ZoctM q/* the point which divides a system of 
parallel chords into segments whose product is constant. 
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By the last example, the equation of the locus is 

a parabola similar to the given parabola. 

Ex. 3. TJie perpendicular from, A on the tangent^ and the line , 
PQ are prod^uced to meet in R : find the locus of R, 

By Art. 52. 8, AR.=.x («^p + a"'), 

and PR = yo-') 

Operate by aS'c^p, 
and X {<fipy = Sp<l>p 

= a' {i>p)' (52. 7) ; 

« . H/ ^ O J 

and '"'=0 "*" ^* (^P ■*" **) 



= -^ 4- a'fjyp is the equation required ; 



and, since Slv — ^ja=0, it is that of a straight line perpendi- 
cular to the axis, at the distance 3a from S, 

Ex. 4. To find the locus of the intersection with the ta/ng&nJb 
of the perpendicular on it from the vertex. 

If TT be the vector perpendicular on the tangent from A^ 
we have by (52. 8) 

IT = aj (<^p + a"*) (1), 

and the equation of the tangent gives, putting it + ^ in place 

of IT in (52. 5), and multiplying by 2, 

2Sv<t^p + ^Sa'^v + 2Sa^p = 1 (2), 

we have also 

5p (^/> + 2a->) - 1 (3). 
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From these three equations we have to eliminate x and p. 

Equation (1) gives 

Sair = X, 
which gives oj, 
and Stt^p = x (<^p)*, 

which substituted in (2) gives 

2x {4>pY + 2/S'a- V + 2Sar^p = 1. 

Also, substituting (52. 7) <i^{<l>py for Sp^fip, equation (3) 
gives 

a" (<l>py + 2Sa-'p = 1 ; 

therefore by subtraction 

{2x - a») (<^p)» + 2Sa-'7r = 0, 

L e. {2Sa7r - a«) («^p)" + 2/^a- V = 0, 

which from (1) becomes, multiplying by S'aiTy 

(2Sair - a)' {it - a-'Sawy + 2*S^a7r;^a- V = 0. 

This equation at once reduces to 

27r'^ji7r - ttV + S^air = 0, 

an equation which, when 4a is written in place of a, becomes 
identical with that obtained in Art. 37, Ex. 8. 

The locus is therefore a cissoid, the diameter of the generating 
circle being AD. 

65, It will probably have suggested itself to the reader, that 
there exists a large class of problems to which the processes we 
have illustrated are scarcely if at all applicable. Hence there 
may have arisen a contrast between the Cartesian Geometry and 
Quaternions unfavourable to the latter. To remove this un- 
favourable impression, all that is required in a reader familiar with 
the older Geometry is a little experience in combioing the logic 
of the new analysis with the forms of the old. He will then see 
how simple and direct are the arguments which he can bring 
to bear on any individual problem, and consequently how little 
**-'> memory is taxed. 
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We propose in this Article to put the reader in the track 
of employing his old forms in conjunction with quaternion 
reasonings. 

We shall work several examples on the parabola and the 
hyperbola. Having applied quaternions pretty fully to the 
ellipse in what has preceded, we will limit ourselves to a single 
example in this case. 

1. The Farabola, If the unit vector along any diameter of 
the parabola be a, and the unit vector parallel to the tangent at 
its extremity be j3; we may write the equation of the parabola 
under the form 

=£'«+y^ ••••• (!)• 

For the particular case in which the diameter in question is the 
axis, and the tangent at its extremity parallel to the directrix 

' ^^^''-^^^'"' <^)' 

where a is AS (Art 52). 

This is the most convenient form when the focus is referred 
to. 

In other cases a somewhat simpler form may be obtained by 
supposing a, or if necessary both a and ^ of equation (1) to 
be other than unit vectors. 

The equation may then be written under the form 

P = ^cL-^tp (3). 

To find the equation of the tangent, we have 
T.Q. 8 



\ 
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Kow fl — p is a vector along the secant ; and its limit is a 
vector along the tangent: hence anj vector along the tangent 
is a mnltiple of ta-\-fi; and the equation of the tangent may 
be written 

x = ^a + ^^ + a:(<a + )5) (4). 



EtAMPT.E8w 



• « 



Es! I. If AP, AQ he chorda drawn at right angles to one 
^another from, A ; PM, QN perpendtetdars on the axis, then the 
lotus rectum is a mean proportional hetweeu AM and AN ; or 
between PM and QN. 

li PM=y, QN^t/. 

AP = ^a-,yP, AQ = ^a-^fi. 

Now S(AP.AQ)=0 {22. 7); 

or yy' = (4:ay; 
therefore also asa/ = (4:a)'. 

Ex. 2. If the rectcmgle of which AP^ AQ are the »ide8 he 
completed^ the fwriher angle vnLl tra>ce out a parabola similar to 
the given pa/rahola, i1%e distance between the two vertices being equal 
to twice the latus rectum. 

f> = AF-^AQ 

JjLl^^^^y^y^P^Saa. 

Ex. 3. The circle described on a focal chord a^ diameter touches 
the directrix; and the circle described on any other chord does 
not reach the direcfri^. 
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Let PQ be any chord, centre 0, 

The equation of the circle with centre 0, radius OP, is 

or p''-S{AP + AQ)p + S(AP.AQ) = 0. 

At the points in which this circle meets the directrix 

p = — aa + zP; 



or 



This equation is possible only when 

L e. when the chord is a focal chord. 

In this case the two values of z are equal, each being ; 

and the directrix is a tangent to the circle. 

Ex. 4. Two pa/raholas have a common /ocus and axis ; their 
vertices are turned in opposite directions. A focal chord ctUs 
them in FQ, F'Q', so tliat PFSQQf are in order. Prove (1) tliat 
SP.SF^SQ. SQ'; (2) that SP : SQ" is a constant ratio ; and 
(3) that the tangents at P, P' are at right angles to one a/notlier. 

The equations of the parabolas are 

the focus being the origin. 

8—2 
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Now since p, p' are in the same straight line when the common 
chord is the focal chord, we have 

.'. (2^ - 4aa') (a y + 03^') = 0. 

Taking the former factor, we must have y^ yf on the same 
side of the axis with a constant product; therefore 

The second factor gives SP : SQ' a constant ratio a : a'. 

Lastly, by Equation (4), the tangent vectors at P and P* are 
parallel to 

therefore the tangents are at right angles to one another. 

Ex. b. If a triangle he inscribed in a parahola, the three 
points in which the sides a/re met by the tangents a>t the angles lie 
in a straight line. 

Let OPQ be the triangla 

Take as the origin, then 



p= 








p'- 


'"2 


+ t'p, 






«•= 


f 


i+tp+x 


{ta + ^), 



ir'=*-^a + ^fi + x'{t'a + ^), 
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are the vectors 0P> OQ, and the equations of the tangents at P 
and Q. 

If QO meet in A the tangent at P, 



OA 


^yOQ 


!^ + a;(<o + 


P) 






a+^^y, 




• 
• • 


|+te= 


t" 






t + x- 


=t^y, 
f 











2^ 



Similarly if the tangent at Q meets FO in ^, 

If the tangent at meets PQ in C, 

#« (if* — i' ■» 

= ^ a + <i3 + « |-^- a + («'- «))8j . 

But 00=vP; 

«' 
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and OC=^p. 

Now ^IzIoaJ^ob^^^og^^o, 

. , 2<-t' 2e-i f-C ^ 
and also — ^ W^ ' 

therefore (Art 13) A^ By Care in a straight line. 

2. The ellipse. If a, )8 are unit vectors along the axes, the 
equation of the ellipse may be written 

where y* = -« i'^" s^ = ^ (a*— ^ ; 

and the equation of the tangent will be readily seen to be 

IT = axL -k- yP -^ XQ/a - mxp). 
A single example will suffice. 

Ex. If tcmgenta he drawn at three poirUs P^ Q, B of an 
ellipse intersectvng in B!^ ^, P', prove that 

PR\ QF. RQ' = FQ. QF. RF. 
If a?, y; x\ y ; a/', 3/' are respectively the co-ordinates of 
P, Qy R) we shall have 

CF -xa-^yP + X{ya-7nxP) 
= aj'a -hy'P + X' (y'a - mafp); 
.'. x + Xy = x +X^y\ 
y — mXx = y' — mX'x' ; 
.'. mX{ixfy-'i/x)=^mQi^*-¥'i/^ — 7naxx! — yy' 

= 6' — WMKc' — yi/. 
Hence mX ' (ajy' - x'y) = 5' - wiasj/ — yy' 

= - vfiXix]/ - a'y) ; 

Z=-Z'ioTF, 
XTZ=-X'YZ. 
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Now 



, &C. 



Y PQ" 
henoe tlie proposition.- 

3. The hyperbola. If a, p are unit vectors parallel to the 
asymptotes CX, CY, the equation of the hyperbola may be written 



since 



a' + h' ^ 



If a, j8 be not both units we may write the equation under 
the simpler form 

.(1). 






To £nd the equation 6f the tangent, we have as usual a vector 
parallel to the secant 

=/-p=<«'-«)(a-|) 
and a vector parallel to the tangent will be 



t 



(2). 
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Henoe the equation of the tangent is 



v-ta+^ + x 



(«a-f) (3). 



Cor. It ia evident that 



are conjugate semi-diameteiB. 

Examples. 

Ex. 1. One duzgoncU of a pa/ralldogram whose rides are the 
cO'Ordmates being the radius vector y the other diagoncd is parallel to 
the talent. 

We have CN=ta, NQ = ^, 

CQ^ta-^^y 



and the other diagonal is 



fa-f, 



which, equation (2), is parallel to the tangent at Q. 

Ex. 2. Any diameter CP bisects all the chords which are 
parallel to the tangent at F. 

LetCFhe ^+7, 

t 

then the tangent at P is parallel to 

te-f; 

.'. CQ=GV + rQ = x(ta + ^ + 7{ta-f\. 

But as Q is a point in the hjperbola, this equation must have 
the form 
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and X'-r»=l, 

an equation wliich gives two equal values of Y witli opposite 
signs, for every value of X, 

Hence all chords are bisected. 

CoR. X'-r» = lis 



\QF) \CB) '' 



CZ> being ta-^ = PO. 

t 

This is the ordinary equation of the hyperbola referred to 

conjugate diameters. 

Ex. 3. I/TQ, TQ' be two tangents to the hyperbola intersect- 
ing in R and terminated a^ T, Ty Q, Q* by the asymptotes; then 
(!) TQ' is parallel to T'Q; (2) area of triangle TRT = area of 
triangle QRQ\ and (3) CR bisects TQf and T'Q. 

The equation of the tangent 



= to + y +a;Ua-^j, 



gives 

CT= 2ta, 

(the coefficient of fi being 0), 

or = 2t'a, 

QT'Jiatt'-^; 
therefore QTia parallel to QT'. 



5 
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Again, 


CR = CQ + QE=CQ-^x{CT-CQ) 




=f...(.-f). 


Also 


«4«+,'2(.^'-f); 




.-. a!t=x't^, 




1 X I a/ 

t t H i' 




t' 







[chap. VII. 



and aja5' = (l -«)(!- as'), 

i.e. QR.Q'E^ET.ET', 
and the triangles TET\ QEQ^ are equal 

or CE is in the direction of the diagonal of the parallelogram of 
which the sides are CT^ CQ' ; and therefore CE bisects TQ' 
and T'Q. 

Ex. 4. If through Qy P, Q' parallels he drawn to CX meeting 
CYin E^ F, G ; GE^ GFy CG are iri continued proportion. 



V 



=x(...f).r(.a-f). 
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W=x(^+f)-r(to-f). 





cj?=(x-r)|, 




CF-I, 




Cff = (X+J')f; 


and 


CE.GG = CF'; 


because 


X*-7*=\ (Ex.2). 



Ex. b. If a chord of a hyperbola he one diagonal of u 
parallelogram whose sides a/re parallel to the asymptotes^ the other 
diagonal passes through the centre. 

Let the chord be FQ ; p, p' the vectors to F and Q ; then 
eP = p-p' = a« + |-^a«' + ^. 

Now when one diagonal of a parallelogram is wia + wjS, the 
other will be ma — nfi. 

Therefore in the case before us, the other diagonal is 

And it is therefore in the same straight line with the line 
which joins the centre of the hyperbola witt the middle point 
of FQ ; whence the truth of the proposition. 
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Ex. 6. If two tangents to a hyperbola at the extremities 
Qf Q' of a diameter, meet a tangent at P in the points T, T'; 
and if CD, Ciy are the semi-diameters conjtigate to OF, CQ ; 
then (1) FT : QT :: FT' : Q'T' :: CD : CU, 

cmd(2) FT.Fr = CD\ 

If t, t\ - ^, correspond to P, Q, Q\ then 



gives 



= oe'+| + a;Ya«'-^, 



t + xt = 


= «' + 


vH, 


1 


X 


1 


oi 


t 


"t' 


V 


V' 


Oi: 


t'- 


't_ 


»«.' 



Similarly CT' = at + ^^ + y(at-^ 

= _ar-f-y'(a<'-f), 
gives t'^-yt^'-i -'i/l!, 

t t" t''^ t" 

whence y = -, — - = - y\ 

I —I 

N'ow X \ y w X \ i/ 

gives FT : QT :: FT' : QT' 

:: CD : CD'. 

And xy=l 

gives FT.FT'=CD\ 

CoR. * xy' = 1, 

QT.Q'T'=CD^. 



\ 
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Ex. 7. Straight lines move so that tlie triangular area which 
\ they ciU off from two given straight lines which meet one am^ther 

I is constant: to find the loctis of their vltiniate intersections. 

\ Let OAA\ OBB' be the fixed lines, AB, A 'B' two of the moving 

y lines with the condition that 

i OA.OB=OA'.OB^. 

' If a, )8 be unit vectors along OA, OBy 

I OA = ta, OB^up'y OA' = lfa, OB^u'P, 

the point of intersection of AB, AB' gives 

p = <a + a; (t^jS — <a) 
= t'o. + v! {u'P - t'a)y 
.'. xa = xuy 
and ^(l-aj) = ^'(l-a') 

Now tu = t'u' = c because the triangle has a constant area; 



\ 
/ 



I 



I 



) 



1, 1 o 1, '^"P 



the equation of a hyperbola. 



Additional Examples to Chap. VII. 



1. In the parabola S7^ = SP . SA. 

2. If the tangent to a parabola cut the directrix in By SB is 
> perpendicular to SP, 

3. A circle has its centre at the vertex ^ of a parabola whose 
focus is S^ and the diameter of the circle is ZAS. Prove that the 
common chord bisects AS, 

4. The tangent at any point of a parabola meets the directrix 
and latus rectum in two points equally distant from the focus. 
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5. The circle desmbed on SF as diameter is tcmched by the 
tangent at the Tertex. 

6. Parabolas haTe their axes parallel and all pass through 
two given pointa Prove that their foci lie in a conic section. 

7. Two parabolas have a common directrix. Prove that 
their common chord bisects at right angles the line joining their 
focL 

8. The {lortion of any tangent to the parabola between tan- 
gents which meet in the directrix subtends a right angle at the 
focus. 

9. If from the point of contact of a tangent to a parabola 
a chord be drawn, and another line be drawn parallel to the axis 
meeting the chord, tangent and curve ; this line will be divided 
by them in the same ratio as it divides the chord. 

10. The middle points of focal chords describe a parabola 
whose latus rectum is half that of the given parabola. 

11. FSQ is a focal chord of a parabola: FA, QA meet the 
directrix in y, z. Prove that Fzy Qy are parallel to the axis. 

12. The tangent at i> to the conjugate hyperbola is parallel 
toCP. 

13. The portion of the tangent to a hyperbola which is in- 
tercepted by the asymptotes is bisected at the point of contact. 

14. The locus of a point which divides in a given ratio lines 
which cut off equal areas from the space enclosed by two given 
straight lines is a hyperbola of which these lines are the asymp- 
totes. 

15. The tangent to a hyperbola at F meets an asymptote 
in T, and TQ is drawn to the curve parallel to the other asymp^ 
tote. FQ produced both ways meets the asymptotes in i?, ^ : 
^K is trisected in F, Q, 
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16. From any point It of an asymptote, JRN, j?if are drawn 
parallel to conjugate diameters intersecting the hyperbola and its 
conjugate in F. and D. Prove that OF and CD are conjugate. 

17. The intercepts on any straight line between the hyper- 
bola and its asymptotes are equal. 

18. If QQ" meet the asymptotes in B, r, 

RQ.Qr = F0\ 

19. If the tangent at any point meet the asymptotes in X 
and F, the area of the triangle XCY is constant. 



CHAPTER VIII. 

CENTRAL SURFACES OF THE SECOND ORDER, PARTICULARLY 

THE ELLIPSOID AND CONE. 

56. The Ellipsoid, In discussing central surfaces of the 
second order, we shall speak as if our results were limited to the 
ellipsoid. That such limitation is not, in most cases, necessarily 
imposed on us, will be apparent to any one who has a slender 
acquaintance with ordinary Analytical Geometry. We adopt it 
in order that our language may have more precision, and that, in 
some instances, our analysis may have greater simplicity. If the 
centre be made the origin it is clear that the scalar equation can 
contain no such term as ASap, for the definition of a central sur- 
face requires that the equation shall be satisfied both by + p and 
by -p. 

If we turn to the equation of the ellipse (Art. 43), we shall 
see at once that the equation of the ellipsoid must have the form 

ap^ + bS'ap-{-2cSapSI3p+ ... = 1. 

Now if, as in the Article referred to, we put 

Kf>p = ap-¥ baJScLp + c {aSlSp + jSSap) + . . . 

we shall have 

Sp<l>p = ap' + hS'ap + 2cS<ipSI3p + . . . 

=1, 

the equation required. 

It will be seen that, as in Arts. 32, 33, one form of the equa- 
tion of the straight line was found to coincide exactly with the 
equation of a plane, so a form of the equation of the ellipse 
coincides exactly with the equation of the ellipsoid. 
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It is evident that the three properties of <f>p given in Art. 44 
are true of <f>p in its present form. 

57. To find the equation of the tangent plane. 

Let a secant plane pass through the point whose vector is p; 
and let p' be the vector to any point of section. 

Put p' = p + ^, where )8 is a vector along the secant plane ; 

then Sp<l>p =S(p'{'P)ff}{p + P). 

Hence, observing that (44) 

and Sp<l}l3 = Sp<t>py 

we have ^p>p' = JSpi>p + 2S/i<f>p -f SI3<l>p ; 

i.e. 2SI3i>p + Sp<I^P=0. 

Now (45), as the secant plaue approaches the tangent plane, 
the sum of these two expressions approaches in value to the first 
alone : that is, for the tangent plane, S^tf^p = 0, where )8 is a vector 
along that plane. 

If TT be the vector to a point in the tangent plane, 

TT — p + x^; 

,-. S{ir^p)<l>p = xSp<lip 

= 0, 

and ^S'ti^P = Sp<f>p 

= 1 
is the equation of the tangent plana 

Cor. if>p is a vector perpendicular to the tangent plane at the 
extremity of the vector p. 

5 8. If OF be perpendicular from the centre on the tangent 
plane; then, since <^p is a vector perpendicular to that plane, 
0Y= x^p and Sx (^p)' = 1, giving 

OY=T{xi>p) = T}-. 

Sir W. Hamilton terms <t>p the vector of proximity. [In fact 
vector Or= (<^p)"'.] 

T. Q. 9 
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69. If tangent planes all pass throngh a fixed pointy the 
curve of contact is a plane curve. 

Let T be the fixed point ; vector a ; p the vector to a point of 
contact. 

Then (Art 57) Sa^p = 1 ; 

i.e. Spil>a=l (44. 3), 
which is the equation in p of a plane perpendicular to ^ 

Now <l>a is the normal vector of the point where OT cuts the 
ellipsoid ; 

.*. the curve of contact lies in a plane parallel to the tangent 
plane at the extremity of the diameter drawn to the given point. 

The plane of contact is called the polar plane to the point. 

60. Tangent planes are all parallel to a given straight line, 
to find the curve of contact. 

Let a be a vector parallel to the given line ; then 

7r = p + xa 

is a point in the tangent plane ; 

.-. JS{p-^xa)xt>p= 1 ; 

and Sa<f>p = 0, 

or Sp<l>a = 0, 

the equation of a plane through the origin perpendicular to ^a : 
that is, the curve of contact lies in a plane through the centre 
parallel to the tangent plane at the extremity of the diameter 
which is parallel to the given line. 

61, To find the locus of the middle points of parallel chorda 
Let each of the chords be parallel to a, ir the vector to the 

middle point of one of them; then Tr + aa, ir-xa are points in 
the ellipsoid. 

From the first, 

S{7r + xa)<l){v-^xa)=l (Art. 66) ; 
i. e. ^Stt^tt + 2xSir<l)a + a^Saxfia = 1, 
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From the second, 

JSirtfyir — 2xS7r^a + x^Saffm = 1 ; 
.*. subtracting, S'7r<f>a=0 (1), 

i. e. the locus is a plane through the centre perpendicular to ^, 
or parallel to the tangent plane at the extremity A of the 
diameter which is drawn parallel to a. 

If we call this the plane BOO, B and G being any points in 
which it cuts the ellipsoid ; and if OB = )S, OG - y, we shall have 

and thei-efore SaKJifi = 0, 

or a satisfies the equation /SW<^j8 = 

of the plane which bisects all chords parallel to OB (Equation 1). 

Let AOG be this plane which bisects all chords pai*allel to OB, 

Then, since OG or y is a vector in it, 

^y<^)S = 0, i.e. Sptl>y = 0. 
But we have already proved that 

/Sy<^a =0, i. e. /Sa^y = 0, 
because y is in the plane BOG ; 

,\ by equation (1) a, fi both satisfy the equation of the plane 
Str^y = 0, which is the plane bisecting all chords parallel to y ; 
that plane is therefore the plane AOB: we are thus presented 
with three lines 0-4, OB, OG such that all chords parallel to any 
one of them are bisected by the diametral plane which passes 
through the other two. 

"We may term these lines conjitgate semi-diameters, and the 
corresponding diametral planes conjugate diametral planes. 

It is evident that the number of conjugate diameters is 
unlimited. 

CoR. We have the following equations : 

Sa<f>p = = SP4ia, 
Sp^ = 0=^Syff^P, 
/^a^ = = /Sy^ (2). 
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They shew that y is perpendicular to both <^a and ^j8, and is 
therefore a vector perpendicular to their plane ; hence, as in 34. 4, 

y = xVil>a<l>p. 

In the same way, since ffyy is perpendicular to both a and j3, 
we have 

or, neglecting tensors, we have the following vector equalities : 

y= r<H>l3, P= V<l>a4y, a= Y<f>p4»y, 
4r^=Vap, 4>P=Yay, ^= F/?y (3). 

Note also 

upon which Hamilton founded his solution of linear equations. 

62. If as in Art. 47 we write — i/ri/rp for ^p, }pp being still a 
vector, the equation of the ellipsoid assumes the form 

L e. (44) S\lfp\lfp = - 1 

{il/py = -T{il/py=--l (1), 

which, if we put cr = ippy becomes T<r = 1, the equation of a sphere. 

Hence the ellipsoid can be changed into the sphere and vice 
versd, by a linear deformation of each vector, the operator being 
the function {j/ or its inverse. 

The equations 

Sa<l,p = 0, &c. 

now become SaxJ/^^ = 0, 

i.e. Sij/ail/l3 = 0, &c., &c (2). 

(1) and (2) shew that i/^a, ip^, xj/y are unit vectors at right angles 
to on6 another. 

If we term the sphere Tcr = 1 the unit-sphere, we may 

?ate this result by saying that the vectors of the unit-sphere 

tjorrespond to semi- conjugate diameters form a rectangular 
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63, I^t us now take i, J, Ic unit vectors along the principal 
axes of X, y^z] then we shall have 

p = xi'¥yj + zk (1), 

.*. Sip = — x, &c. 

so that for the sake of transformations in which it is desirable 
that the form of p should be retained, we may write 

p = -'{iSip+jSjp + kSkp) (2);. 

and as <^/3 is a linear and vector function of p, its vector portions 
along the princi])al axes will be multiples of 

iSip, jSjp, kSkp ; 

we may therefore write 

iSip jSjp kSkp ,-. 

the form a' having been assumed in order to make the equation 

Sp^p=l 

coincide with the Cartesian equation 

X* 7/ «' 

A. Y— A — 1 

As ^p = ^i\n\fp (4), 

we require to take \pp so that performing the operation i/r twice 
on p shall give tlie same result (with a - sign) as performing the 
operation <^ once. 

Now a comparison of equations (2) and (3) will shew that 
the latter operation introduces -j &c. into p; it is evident 

therefore that the former operation (\f) is to introduce - &c. or 



^p^.i^J^^^^"^ (5). 
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It may perhaps be worth while to verify this result. "We have 

a\ a b c / 

_ .H'Sip 
— % ^ + ... 
a 

_ /iSip jSjp kSkp\ 

= - i^p. 

, , , , _ iSi4>n J'^J<l>p kS1c4>p 

_ (iSip jSjp kSkp\ 

fl>"p = a'iSip-hh'jSjp-^c'JcSkp (7), 

because <^^~*p produces p. 

\l/''^p = -(aiSip + bjSjp + ckSkp) (8), 

p = ^^ Vp ~ ~ (aiSixl/p + hjSj\l/p + ckShl/p) (9). 

It is evident that the properties of Art. 44 apply to all these 
functions. 

64. Examples. 

Ex. 1. Find tJie point on an ellipsoid, the tangent plane at 
which cuts off equal portions from the axes. 

Let X, y, z be the co-ordinates of the point, p the portion cut 
off, then 

p = xi + yj -h zk, 

Now piy pj, pk are points on the tangent plane ; 

.*. fSpi^p= 1, 
which gives 

,, fiSip 



i>'S^^(^+-.-) = l| 
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or q=l. 



a' 



Similarly p = ^> 

^_y«_l_ 1 

Ex. 2. To find tlie perpendicular from tlie centre of the 
ellipsoid on a tangent plane. 

.-. ^ = {T.j>p)' = - (<^p)' = g + ^ + J (Art. 63, 1. 3). 

Ex. 3. To find tfie locus of the points of contact of tangent 
planes which make a given angle with the axis ofz. 

We have 

SkU{<i>p)=p, 

the equation of a cone whose axis is that of z and guiding curve 
an ellipse whose semi-axes are a", b\ 

The intersection of this surface with the ellipsoid is the locus 
required. 

Ex. 4. To find the locus of a point when the perpendicular 
from the centre on its polar plane is of constant lengtK 

Let IT be the vector to the point, then 

SpffiTr= 1 is the equation of the polar plane (Art. 59), 

and ^ T- is the length of the perpendicular on it (Art, 68) ; 
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.*. S (<^7r)* = - C", by the qnestion. 

But since (44) 

SSffyir = Stt^B, 
if 8 be ^, 

.'. /S^tt^'tt = - (7* is the equation required ; 
hence the Cartesian equation is (63. 6) 

^ y' »' />« 

-J + 75 + -4=0 . 

a c 

Ex, 5. 57*e *i^7/i of tlie squares of three conjitgate semi-dia- 
meters is constant 

Let a, 13, y be the semi-diameters ; ij/a, i/^^, i/ry are rectangular 
unit vectors (Art. 62). 

Now a = - (aiSiil/a + hjSj\l/a + ckSk\f/a) (63. 9) ; 

. •. {TaY ^^a'^a' (Siil/aY + b' {Sjij/aY + c' {Skil/aY, 
(TPY = a' ('^^'Ai»)'+ ^"(^i'AiS)* + c" {S^PY, 

(TyY '= a' {SiilryY + h' {SjilryY + c» {SkijfyY : 

adding, and observing that 

{SiilfaY-^{Siil;PY-^{*^^y = ^ (31. dor.), 
we get 

i.e. a''+6'* + c''=a» + 6» + c«. 

Ex. 6. ^/^ Wfcm 0/* the squares oftlie three perpendiculars from 
the centre on three tangent planes at right angles to one another is 
constant. 

We have 

p = ifr'tfip = a'tAS'i^p + VjSj<\>p + d'kSktfip (63. 7), 
and «^p = - (i&>p ■^jSj<j>p + A;^A;</»/3) (63. 2) ; 

... Sp^p = 1 = a» (aS'i^^p)" + y {Sj<f>pY + c« {Sk^pY 

= (T^pY {a' {SiU<l>pY + h' {Sj U<t>pY + c' (SkUff^pY} ; 
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hence if p, p', p" be three vectors so that <^p, <^p', ^p" are at right 
angles to each other ; that is, so that the tangent planes at their 
extremities are at right angles to one another (57. Cor.), 

1 1 1 

^ 1- 



(Ti>py {T^pr (r^pT 
- a' {{Siu<i>py + {SiO'<i>py + (siu<i>py} 
-hb'{{Sju^py + ,.,} +... 

= a» + 6' + c« (31. Cor.). 
But j7pT-Ti> ^^* ^^® *^® perpendiculars from the centre on the 
tangent planes at p, p', p" (58). Henca the proposition. 

Ex. 7. Tlie sum of the squares of the projections of three con- 
jugate diameters on any of t/ie principal axes is equal to the square 
oftliat aocis. 

Let a, j8, y be conjugate semi-diameters; then, since 

a = - {aiSuj/a + bjSj\l/a + ckSk\ffa) (63. 9), 

Sia = aSiij/a. 

Similarly, Si/i = aSiij/^, 

JSiy = aSiilry ; 

.-. (Siay + (si/sy + {Siyy = a' {{Su^ay + {Sui^py + (Siiirfy} 

= a» (31. Cor.), 
because ij/a, ij/p, ijr/ are at right angles to one another (62). 

But —Sia is the projection of Ta along the axis of x; and 
similarly of the othera Hence the proposition. 

Ex. 8. Tlie sum of tits reciprocals of the squa/res of the three 
perpendiculars from the centre on tangent planes at the extremities 
of ccmjugate diameters is constant. 

Lst 0^1, Oy,, 0^8 be the perpendiculars. 
^, = -(^)' (58) 

'=(^.(^^W: (63.3); 



a 



b' 
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Oy.'~ a* 6* c* ' 

l__(Siyy (Sjyy (Sky)\ 
Oy;~ a*' b* c* ' 

Ex. 9. If through a fixed point within an ellipsoid three 
chorda he drawn vautually. at right angles, the sum of the recipro- 
cols of ilie products of their segments will be constant. 

Let be the vector to the given point ; a, j8, y unit vectors 
parallel to three chords at right angles to each other. 

Then + xa = p gives 

S(6 + xa) <l>(d + cca) = 1 
a quadratic equation in a;, the product of whose roots is 

se<i>e - 1 , 

.*. the product of the reciprocals of the segments of the chord is 

1 Sa<f>a 1 



'/■/T_\8 > 



and the sum of the reciprocals of the products of the segments is 

1 (Sa4^ Sp<f>P Sy4>y \ 

]^ow since fSa<f>a=^ — ^+ A« "*" ~*~^ (^ * ' )' 
the sum of the reciprocals of the products 
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+ 



o'W-^ • }] 



l^lQ^'^b'^T) (31- ^^^•)- 



seif>e 

Cor. If $ be not constant, but S6<fi6 be so, i e. if the given 
point be situated on an ellipsoid concentric with and similar to the 
given ellipsoid, the same is true. 

Ex. 10. If the poles lie in a plane parallel to y«, the polar 
planes cut tlie aads ofx always in tlie same point. 

Let pi be the distance from the origin of the plane in which 
the poles lie, 8 any line in that plane, then tt =pi + 8 is the vector 
to a pole, and 

Spif>{pi-^S) = l (59) 

the equation of the corresponding polar plane. 

At the point where this plane cuts the axis of x, 

p = xi; 
,\ Spxi<l>i'hxSi<f>B = l, 

Now 8 is a vector in a plane perpendicular to ^i, 

.-. Si^B = SS<l}i = ; 
and Si<l>i — constant = n suppose ; 

.*. npx=l, 
which shews that x is constant. 

Ex. 11, A, B and are three similar and similarli/ 
sitiMbted ellipsoids; A and B are concentric, and C has its centre 
on the surface of B. To shew that the tangent plane to B at this 
point is parallel to tlie plane of intersection of A and C, 

Let a be the vector to the centre of C. 

Sp<f>p = a the equation of A, 

Sp<f>p = h B, 

^(p-a)^(p-a) = c C* 
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Now at the intersection of A and G, p ia the same for both ; 
therefore the equation of the plane of intersection is to be found 
by subtracting the one from the other. 

It is therefore 2Sp<l>a = Sa<l>a + a - c ; 

and the equation of the tangent plane to £ at the centre of C is 

,; both planes are perpendicular to ^a, and are consequently 
parallel. 

Ex. 12. Jf throtigh a given point chorda he drawn to an 
ellipsoid, the intersections of pairs of tangent planes at tlieir ex- 
tremities all lie in a plane parallel to the tangent plane at tJie 
extremity of the diameter which passes through the point. 

Let a be the vector to the point ; a + x^^, a + x^^, the vectors 
to the points of intersection with the ellipsoid of chords parallel 
to P ; then 

S7r^{a-¥x^P) = l, 

are the equations of the tangent planes at these points. 

At the intersection of these planes tt is the same for both ; 
.*. subtracting we get 

AS7r</»)8 = 0, 
fSTTfjia = 1 . 

The last equation is that of the line of intersection of the tan- 
gent planes; and that line is perpendicular to <^a, or (57. Cor.) 
parallel to the tangent plane at the extremity of the diameter 
which passes through the given point. 

Cor. /S7r</))8 = shews that the line of intersection correspond- 
ing to any one chord is parallel to the tangent plane . at the 
extremity of the diameter which is parallel to that chord. 

Ex. 13. Two similar and similarly situated ellipsoids are cut 
ly a series of ellipsoids similar and similarly situotted to the two 
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given ones ; and in such a Toanner that the planes of intersection 
are at right angles to one another. Shew that the centres of the 
cutting ellipsoids lie on another ellipsoid. 

Let Sp<l>p = l (1), 

Sip-a)<t>(p-a) = C (2), 

be the given ellipsoids; 

S(p-^)<l>ip-^) = x (3), 

one of the cutting ellipsoids. 

<l> is the same for all because the ellipsoids are similar. 

The plane of intersection of (1) and (3) is found by subtracting 
the equations ; and is therefore 

2Sp<f>'jr = /Sttc^tt + 1 — a;. 

The plane of intersection of (2) and (3) is 

2/Sp (<^7r — ^a) = /SV<^7r — Sa<l>a + C — X. 

The former of these planes is perpendicular to ^tt and the latter 
to <f)Tr-<f>a\ and, since by the question, the former is perpen- 
dicular to the latter, <^Tr is perpendicular to <^7r - ^a, 

the equation of the locus of the centres of the cutting ellipsoids. 

This equation will be reduced to the requisite form by ob- 
serving that 

S<l>7r<f>a = Sa(l}^Tr ; 

.-. AS'(7r-a)<^V = 0, 

the equation of an ellipsoid of which the semi-axes are propor- 
tional to 

a», h\ c' (63. 6). 

The Cartesian equation is 
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Ex. 14. If a tangent plane be drawn to the inner of two 
similar concentric and similarly situated ellipsoids the point of 
contact is the centre of the elliptic section oftlie outer ellipsoid. 

Let Sp^P = 1 be the equation of the inner, 

a^Sp<f>p = 1 of the outer ellipsoid. 
The tangent plane is Sir^fip = 1. 

Now if o- be the vector to the elliptic section laeasured from 
the point of contact, tt = p + cr is a point in the outer ellipsoid ; 

.-. a'AS'(p + <r)<^(p + o')= 1. 

But /^o-<^p = (57. Cor.); 

/. a' + a*ASo-<^o- = 1, 



a« 



■= 5 S(r4>(T = 1, 

1 — a 

the equation of an ellipse of which the centre is the point of 
contact. 

Ex. It). Find the equation of the curve described by a given 
point in a line of given length whose extremities move in fixed 
st/raight lines. 

First, let the straight lines lie in one plane. 

Let unit vectors parallel to them be a, p. 

Let the vectors of the extremities of the moving line be 
ceo, yP, and its length I, Then the condition is 

{yP-xar = ^l\ 

or a» + 2/* + IxySap = I' (1). 

The vector to a point which divides this line in the ratio 

e : 1 is 

p = ica + e {yP — xai) 

= a:a(l -e) + eyP; 

.'. Sap = — (1 - c) a: + eySa^, 

Spp = {l-e)xSap-ey', 
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which values being substituted in equation (1) give the required 
equation, viz. : 

(Sap + SapSPpY (Sfip + SapSapY 
(1 - ey "^ e' 

^2^^^{Sap + SapSPp)(S/3p + JSapSap) 

But p is subject to the additional condition (31. 2. Cor. 2) 
;S^ . a^p = 0; and the locus is a plane ellipse. 

When the given straight lines are at right angles to one 
another, the equation is much simplified, for 

Sap = 0; 

and our equations are 

Sap = - (1 - 6) a!, SPp = - ey ; 

whence (^op)' (^^p)', 

wnence ^^_^^^+___^, 

an ellipse of which the semi-axes are le and Z (1 — e). 

Generally, if the given lines do not meet, let the origin be 
chosen midway along the line perpendicular to both; then we 
have 

y and — y being the vectors perpendicular to the lines, 

p = {y + oca){l-e) + e{ -y + yfi). 
The first gives 

and the second gives, as in the simpler case above, 

Sap = - (1 -e) «+ eySa^f 
Spp :=^ {I - e) xSap ^ ey. 
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Hence the elimination of x and y again leads to the equation 
of an ellipsoid, the only difference being that I' is diminished by 
the square of the shortest distance between the lines; ie. the 
axes are less than in the former case. 

In the extreme case, where l=^2Ty, the equation cannot be 
satisfied except by 

« = 0, y = 0, 

(i. e. the locus is reduced to a single point), unless indeed we have 

for then a; = ± y, 

and the locus is a straight line parallel to each of the preceding 
lines. 

65, ^-^*« cone. 

1. To find the equation of a cone of revolution whose vertex 
is the origin 0. 

Let a be a unit vector along the axis OA, 

p the vector to a point P on the surface of the cone ; 

then Sap = ^Tp cos 0, 

being the angle FOA. 

But this angle is constant^ 

.'. S'ap = c^p' is the equation required. 

2. The equation of a cone which has circular sections, but 
which is not necessarily a cone of revolution, is thus found. 

Take the vertex as the origin, and let one of the circular 
sections be the intersection of the plane 

Sap=^-a' (1) 

with the sphere p' = S^p -(2). 

Since these are scalar equations we may multiply them together ; 
and thus obtain at all the points of the circular section 

ay + SapSpp = (3). 
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Now if fl^ or p' be written in place of p, the equation is not 
clianged, since p occurs twice on each side. It is therefore the 
required equation of the cone. 

Cob. 1. Every section hj a plane parallel to Sap = - a* is a 
circle. 

For the equation of a plane parallel to 

Sap = — a* 
is Sap = — oa*, 

which being substituted in the equation of the cone gives 

P* = aSPp, 
the equation of a circla 

CoR. 2. The plane Spp = '-hfi!' (4) 

also gives a circle whose equation is 

ay = b^Sap (5). 

These two equations give the aubconUrary sections. 

To deduce the relation between the two sections ; let (> be the 
vertex of the cone, OAB the plane through a, fi ; AB the line in 
which the section cuts this plane, AD that in which the sub- 
contrary section cuts it ; 

OA=-p, OB = p\ OB^xp'. 

We have, by (5), xp" = ~- Sap 

= - h^, by (1), 
= Sfip, by (4). 
= p',by{2);* 
i.e. OB.OD = OA\ 

and the triangles OAB, OAD are similar, or AD cuts OA at the 
same angle that AlB cuts OB. 

66. K ^p = 2oV + aSpp + pSap, 

the equation of the cone is reduced to 

Sp^p = 0. 
T. Q. 10 



146 QUATERNIONS. [CHAP. VHI. 

It is evident that all the properties of ^p^ Art, 44, are appli- 
cable here. 

As in Art. 57, the equation of the tangent plane is 

JStt^P = 0. 

67. Examples. 

Ex. 1. Tangent planes are drawn to an eUipsoid from a given 
external pointy to find the cone which has its vertex at the origin 
\the centre oftlie ellipsoid], and which passes through all the points of 
contact of the tangent planes with the ellipsoid. 

Let a be the vector to the external point, p a point in the 
ellipsoid where a tangent plane through a touches it. 

Then the equation of the ellipsoid is 

Sp€l>p=l, 

and the equation of the tangent plane 

Sa<l)p=ly i.e. JSp<l>a = l. 

The equation 

Sp^p = {Sp<lMy, 

x' y' z' _ /xx' yif zz'\^ 

represents a surface passing through the points of contact; and 
is the cone required. [For it is homogeneous in TpJ\ 

Ex. 3. Of a system of three rectangula/r vectors two are con- 
fined to given planes, to find the surface traced out by the third. 

Let TT, p, <r be the three vectors, of which two are confined to 
given planes whose equations are 

/S'air = 0, Spp = 0, 
to find the locus of <r. 

Since the vectors are at right augles, we have 

S'7rp = 0, AS7ro-=0, S<rp = 0, 
and we have five equations from which to eliminate ir and p. 

Since Saw = 0, Sair = 0, 

TT is at right angles to both a and <r, and therefore to the plane 



ooTj or 



7r = xVaa', 
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Since S/Sp^O, S<rp=0, 

p is at right angles to the plane ^o-; therefore 

p = yVp<r, 
and irp = xy Vaar Vfia-* 

Now Sirp^Of 

therefore S . Vaa- V^a- = 0, 

or /S (a<r - Saa) {13a- - S^a) = 0, 

or a^SaP " SaaSjSa = Oy 

the equation of a cone of the second order, which has circular 
sections (65. 2). 

CoR. The circular sections are parallel to the two planes to 
which the two vectors are coiifined. 

Ex. 3. T7is equation p = fa-¥ u'fi + (^ + u)' y is that of a cone 
of the second order touched hy each of the three planes through 
OAB, OBGy OCA; amd the section ABC through the extremities of 
a, p^y is an ellipse toucJied at their middle points hy AB, BGy CA, 

1. If the surface be referred to oblique co-ordinates parallel 
to OL, P, y respectively, we shall have 

p = oca + y^ + zy, 
therefore : x = t'y y = u', z^{t + u)', 

or z = {Jx + Jyy = x + y + 2jxyy 

which gives (is - as - y)* = ^xy, 

a cone of the second order. 

2. If < = — w, the equation becomes 

p = f{a + P), 

the equation of a straight line bisecting the base AB^ which since 
it satisfies the equation relative to t, shews that this line coincides 
with .the cone in all its length; i.6. the cone is touched in this 
line by the plane OAB, 

Similarly, by putting < = 0, w = respectively, we can shew 
that the cone is touched by the plane BOGf COA in the lines 
which bisect AC, CA% 
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3. Restricting ourselves to the plane ABC^ we have the 
section of a cone of the second order enclosed by the triangle 
ABC^ which triangle is itself the section of three planes each of 
which touches the cone. 

Ex. 4, The eqiuUion p= aa + b/S + ey with tJie condition 
a6 + 6c + ca=0 is a cone of the second order, cmd the lines OA, OB^ 
OC coincide throughout their length with tlie swrface. 

1. It is evident that the equation gives 

(cy + y« + «a5 = 0. 

2. That if 6 = 0, c = 0, the question is satisfied by 

p = aoj 
whatever be a, therefore &c. 

Ex. 5. Find the locus of a point, the sum of the squares of 
whose distances from a nwmher of given planes is constant. 

Let aS'S,Pj = (7j, SS^p^ = C^y &c, be the equations of the given 
planes, p the vector to the point under consideration; then x^S^, 
x^S^y &c. will be the perpendiculars on the planes from the point ; 
provided 

p + a;i8j=pj, p + x^^^=p^, &c.; 

therefore aS'S, (p + 05^8^) = C^, &c. 

and cCjSj* =C^ — ^^^py <fcc., 

i.e. the square of the line perpendicular to the first plane from 
the given point 

_ / g. - SS,p \' 

~\ n, / ' 

and, by the question, 

3US is therefore a surface of the second order. 
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Ex. 6. The lines which divide proportionally the pairs of 
opposite sides of a gauche quadrilateraly are the generating lines 
o/ a hyperbolic paraboloid. 

Let A BCD be the quadrilateral. 
ADy BO are divided proportionally 

in P and E. ' ^/— 375 iP 

Let CA = a, CB = /S, CD = y; 
CB=ml3y J)F = mDA; 



Le. 


ur-y = m{a-y); 


therefore 


BF = GF-CE = y + m(a^y)-mpy 




p = GQ = CR^pRP 




= m^ +p {y + m (a- y) - m^} 




= xa-¥yl3 + zy, say; 


therefore 


x=pm, y-m-prriy z-p(l-m); 


therefore 


X 

m = x-^y, p = , 

a + y 




X 
Z = Xj 

x + y 


or 


(x + z) {x-hy) = X, 




the equation referred to oblique co-ordinates parallel to a, j8, y. 

Pascal's Hexagram. 

68. I^et be the origin, OA, OB^ OG, OB, OE five given 
vectors lying on the surface of a cone, and terminated in ^ plane 
section of the cone ABODEFy not passing through 0; OX a/ny 
vector lying on the same surface. 

Let OA = ay OB = py 00 = yy OD=Zy OE=ty OX=p. 

The equation 

S. r(rapVS€) V{7pyV€p) F(Fy8rpa) = (1) 

is the equation of a cone of the second order whose vertex is 
and vector p along the surface. For 
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1. It is a cone whose vertex is because it is not altered 
by writing xp for p. Also it is of the second order in p, since p, 
occurs in it twice and twice only. 




2. All the vectors OA, OB, 00, OD^ OE lie on its surface. 

This we shall prove by shewing that if p coincide with any 
one of them the equation (1) is satisfied. 

If p coincide with a, the last term of the left-hand side of the 
equation, viz. Fpa, becomes Foa = Fa' = 0, and the equation is 
satisfied. 

If p coincide with )3, the left-hand side of the equation be- 
comes 

S. F(Fa)8FS6) V{Ypy7€p) V{YyWPa) (2). ' 

Now F(F)8yF€)S) = - V{YePYpy), (22. 2), is a vector parallel 
to P (31. 3), call it w)8; and 

F.{F(Fa^F8c) Y{YyWpa)}= Y. {F(Fa^F8€) V{VaPYyh)}, (22. 2), 

= a multiple of Fa^, (31. 3), 

^nYap, say. 
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Hence the product of the first and third vectors in expression 

(2) becomes 

scalar + n Va^y 

and the second is m^; therefore expression (2) becomes, by 31. 2, 

. fS . (scalar + nVa^) m/3 

= mnSpYap 

= 0, 

because Va,p is a vector perpendicular to p. 

Equation (1) is therefore satisfied when p coincides with )S. 

If p coincide with y both the second and third vectors are 
parallel to )8 (31. 3); therefore their product is a scalar, and equa- 
tion (1) is satisfied. 

The other cases are but repetitions of these. 

Hence equation (1) is satisfied if p coincide with any one of 
the five vectors a, ^, y, 8, c; i.e. OA^ OB, OC, OB, OE are vectors 
on the surface of the cone. 

3. Let F be the point in which OX cuts the plane ABODE; 
then ABGDEF are the angular points of a hexagon inscribed in 
a conic section. 

4. Let the planes OAB, ODE intersect in OP', OBC, OEF 
in OQi OGD, OF A in OR, then 

F. VapVS€ = mOP, (31. 4), 

F. VPyV€p = nOQ, 

F. YyWpa=pOB', 
therefore 

S. V{Yapm) V{VpyV€p) r(VyBVpa) = mnpS{OF.OQ:OB); 

hence equation (1) gives 

JS{OP.OQ.OB) = 0, 

or (31. 2. Cor. 2) OP, OQ, OR are in the same plane. 

Hence PQR, the intersection of this plane with the plane 
ABGDEF is a straight line. But P is the point of intersection 
of AB, ED, &C. 
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Therefore, the opposite sides (1st and 4th, 2nd and 5th, 3rd 
and 6th) of a hexagon inscribed in a conic section being produced 
meet in the same straight line. 

Cor. It is evident that the demonstration applies to any six 
points in the conic, whether the lines which join them form a 
hexagon or not. 

Additional Examples to Chap. VIII. 

1. Find the locus of a point, the ratio of whose distances 
from two given straight lines is constant. 

2. Find the locus of a point the square of whose distance 
from a given line is proportional to its distance from a given 
plane. 

3. Prove that the locus of the foot of the perpendicular from 
the centre on the tangent plane of an ellipsoid is 

(aa;)' + (6y)" + ((»/=(a« + / + 2^)». 

4. The sum of the squares of the reciprocals of any three 
radii at right angles to one another is constant. 

5. If Oy^y Oy^^ Oy^ be perpendiculars from the centre on 
tangent planes at the extremities of conjugate diameters, and if 
6i> Qtt Qa ^® *^® points where they meet the ellipsoid; then 

1 1 1 1 I I 



6. If tangent planes to an ellipsoid be drawn from points in 
a plane parallel to that of xy, the curves which contain all the 
points of contact will lie in planes which all cut the axis of z 
in the same point. 

7. Two similar and similarly situated ellipsoids intersect 
in a plane curve whose plane is conjugate to the line which joins 
the centres of the ellipsoids. 

8. If points be taken in conjugate semi-diameters produced, 
at distances from the centre equal to p times those semi-diameters 
respectively; the sum of the squares of the reciprocals of the 
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perpendiculars from the centre on their polar planes is equal to j?* 
times the sum of the squares of the perpendiculars from the 
centre on tangent planes at the extremities of those diameters. 

9. If P be a point on the surface of an ellipsoid, PA, PB, 
PC any three chords at right angles to each other, the plane 
ABC will pass through a fixed point, which is in the normal to 
the ellipsoid at P; and distant from P by 

2 

P 

where p is the perpendicular from the centre on the tangent 
plane at P, 

10. Find the equation of the cone which has its vertex in 
a given point, and which touches and envelopes a gi7en ellipsoid. 



CHAPTER IX. 

FORMULA AND THEIR APPLICATION. 

69. Products of two or more vectors. 

1. Two vectors. The relations which exist between the 
scalars and vectors of the product of two vectors have already 
been exhibited in Art. 22. We simply extract them : 

{a) Sal3 = SI3a, (b) ra)S = -F)8a. 

(c) aP-^Pa=:2Sap. (d) a)S - )Sa = 2 Fa)8. 

These we shall quote as formulae (1). 

2. We may here add a single conclusion for quaternion 
products. 

Any quaternion, such as a)3, may be written as the sum of 
a scalar and a vector. If therefore q and r be quaternions, we 
may write 

q=Sq + Vq, 

r = Sr + Vr ; 

therefore qr = SqSr ■hSqVr + Sr Vq + Vq Vr, 

and S,qr = SqSr + S.VqVr, 

V.qr = SqVr+SrVq-i'V.VqVr, 

where S .VqVr is the scalar part, and V.VqVr the vector part of 
the product of the two vectors Vq, Vr. 

If now we transpose q and r, and apply {a) and (6) of for- 
mulae 1, we get 

S.qr = S.rq ) 

F. qr + V. rq = 2 (SqVr-^SrVq)) ^"^' 
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3. Three vectors. By observing that S, ySafi is simply the 
scalar of a vector, and is consequently zero, we may insert or 
omit such an expression at pleasure. By bearing this in mind 
the reader will readily apprehend the demonstrations which 
follow, even in cases where we have studied brevity. 

S.aPy = S.(Sap + ral3)y 

= S. yFa)S, (by 1. a), 

= S.y{SaP+raP) 

= S.yal3 (3). 

Again, S.apy=S.a (SjSy +Vpy) 

= S(VPy.a),{hjl.a), 

= S{S/3y + rPy)a 

= S, )8ya (3). 

The formulsB marked (3) shew that a change of order amongst 
three vectors produces no change in the scalar of their product, 
provided the cyclical order remain unchanged. 

This conclusion might have been obtained by a different pro- 
cess, thus : 

In (2) let q = ap, r = y, there results at once 

S.apy = S.yap. 

Again in (2) let S' - ya, *• = A there results 

S.yap = S.I3ya. 

We have therefore, as before, 

S.apy=S.yal3 = S.Pya (3). 

4. S.apy = S.aVpy 

^-S.aVyp, (by 1.5), 

= -/S'.ay)S: ..(4). 

Similarly S .a/Sy^- S. ^ay (4), 

or a cyclical change of order amongst three vectors changes thei 
sign of the scalar of their product. 
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6. It has already been seen (Art. 31. 1) that ~S. o)3y is the 
volume of the parallelepiped of which the three edges which 
terminate in the point are the lines OA, OB^ OG whose vectors 
are o, )3, y respectively. 

We may express this volume in the form of a determinant, 
thus: 

Let a, )S, y be replaced by 

xi-¥yj + zky xi + y^* + z% x"i + y"j + z'^k (Art. 31. 6) ; 

a?, y, z being the rectangular co-ordinates of A, x\ y\ «' those of B^ 
a", y", z" those of (7, measured from as the origin ; then 

S, ajSy = S,{xi ^-yj + zk) 

X (aj'i + 2/^ + s^k) 

x{x"i + y"j + z'% 

Now if we observe first that the scalar part of this product is 
confined to those terms in which all the three vectors i, j, h 
appear ; and secondly that the sign of any term in the product 
will by formulae (3) and (4) be — or + according as cyclical order 
is or is not retained, we perceive that we have the exact con- 
ditions which apply to a determinant : therefore 



S.al3y = - 



X , y , z 
x'\ y% z'' 



(5). 



The volume of the pyramid OABC is one-sixth of the above. 

Note relative to the sign of t7ie scalar. 

Since ijk = ~l (19), it is clear that if OA, OB, OG assume the 
positions of Ox, Oy, Oz in the figure of Art. \QyS{OA . OB , OG) 
will have a mirvas sign, whilst the order of the letters A, B, C ia 
right-handed as seen from 0. 

If now we take any pyramid whatever OABG, of which the 
vertex is 0, and assume that S {OA . OB . OG) (which, being pro- 
portional to the volume of the pyramid, we may designate OABG), 
is negative when the order of the letters A, B, G ia right-handed 
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as seen from p, we shall find the following general law of signs to 
hold good whatever be the vertex ; viz. tlie sign of the scalar is 
minus or plus a>ccarding as the order in it o/the angles of the hose 
of the pyramid is right-handed or left-handed as seen from the 
vertex. 

For example, CABO =S{OA.CB. CO) 

= - OABCy 

which is plus because OABC is minus, and the order of the letters 
A, B, as seen from C is left-handed. 

6. r.al3y = r.a{SPy^ri3y) 

=:aSI3y + V.ari3y; 
r.yPa = V.{Syl3 + ryl3)a 

=aSPy-V.aVyl3y{l.h)y 
= a^^y+r.aF/5y,(l. 5), 

= r.apy (6). 

7. r.al3y = r.{Sap+ral3)y 

= ySaP -v. yVaP ; 
V.yap^V.y{Sap^VaP) 
= ySaP-^V.yVap', 

therefore V. aPy^V.yaP=:2ySap (7). 

8. 2V.arPy=r.a(pyyp),{l.d), 

= r. apy+r. yaj3 - (F. ayjS + F. yaj3) 
= F(a^y + )8ay) - F (ay/3 + yaj8), (by 6), 
=F. (a)8 + )8a)y - F. (ay + ya) jS 
= 2ySap - 2pSay, (1. c); 
therefore V.aVpy=^ySaP-pSay (8). . 
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9. We have, by (8), 

F. aFjSy = ySa^ - pSay, 
r.prya=aJSI3y-ySap, 
V.yVap=pSay-aSPy', 
therefore, by addition, 

F. (aFi8y + )8Fya + yFa^) = 0. (9). 

10. F. ajSy = F. a {SPy + F^Sy) 

= cuS18y+F.aF/3y, 
which, by (8), =aSPy-' pSay-^ySap (10). 

Another proof of this important formula is found in the 
identity 

|(ai8y + y^a)=^a03y + y^)-^^(ay + ya) + 2r(«^+M 
which, by (4) and (6), is the theorem itself. 

11. If in (8) we write Vafi in place of a, we get 

F. VaPVpy = yS{rap.p)--pS{rap.y) 
= yS.aPp--pSaPy 
= -pS.aPy (11). 

12. FoK/r vectors. If in (8) we write Fa8 in place of a, we 
obtain 

r {VaSVpy) = yS . aZp ^ pS . aSy (12). 

13. By (12) we have 

r{VPyVa^)^SS.pya--aS.PyS. 
But F(Fi8yFa8) = - F(Fa8F^y). 

Hence, by adding the above result to (12), we get 
BS. Pya-aS . pyS-hyS. a^P^ pS . a^ = 0, 

which, by (3) and (4), if we adopt alphabetical order, may be 
written 

aS. pyS- pS .ay&-^yS . ap&-8S, aPy=0 (13), 

or 8S.apy = aS.PyB"PS.ayB + ySi.apS.. (13), 



ART. 69.] FORMULA AND THEIR APPLICATION. 159 

or, again, if we adopt cyclical order, 

oS.PyB-SS, aj8y + y^. 8aj8 - pS . y8a, 
or, finally, &S. apy = aS. Py& - jSS . y^a + yS , Safi (13). 

This equation expresses a vector in terms of three other 
vectors. The following equation expresses it in terms of the 
vectors which result from their products two and two. 

14. F(y8aj8) may be written, first as r(y . 8a)8), and secondly 
as F(yS. a)8), and the results compared. These forms give re- 
spectively 

F(y . Sa^)= r. y (aS'. SajS+ F.Sa^) 

= yS.apS+r.y {SSafi - aSSp + /SSSa), by (3) and (10), 
= yS . a^S + Vy^Sap - VyaSSp + VyfiSBa ; 

F(y8. a^= F. (AS'y8+ Fy8) {Sal3+ Va^) 

= Va/SSyd + VySSaP + F . FyS VajS 
= FaiS.^y8 + VySSaP- F. Va/SVyB 
= Val3Sy^ + VyBSaP - 8S . a^y + yS . a)88, by (12). 

The two expressions being equated, and the common terms 
deleted, there results 

8S, a^y = Fa^^yS + F^Sy^SaS + Fya^^^S (14). 

15. S.aPy8 = S.{S.al3y+r.aPy)S 

=^S.{V.al3y)& 

=:S,{aSl3y-l3Say¥ySal3)B,hy{10), 

= Sal3SyB-SaySI38-^SaBSPy (15). 

16. S{rapVyS) = S, (aP-Sap) (yS-zS^yS) 

= S.aPyB^SaPSy8 

= SaBSPy - SaySpS, by (15) (16). 

17. S.apyS:='S.{Vapy)B 

^S.BVapy 

= S.iaPy (17). 
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18. Five vectors. As we do not purpose to exhibit any 
applications of the relations which exist among five or more 
vectors, we shall confine ourselves to simply writing down the two 
following expressions. 

r.apyS€= r.€iyPa (18). 

70. Many of these formulae might have been proved differ- 
ently, and some of them more directly, by assuming for instance 
that a, )S, y are not in the same plane. In this case any other 
vector 8 may be expressed in terms of a, )S, y, by the equation 

8 = oca + yP + zyy (31. 5); 

therefore S.I3yS = xS. )8ya = xS. a)8y, (3), 

S . y^a = yS , yfia^ - yS . ajSy, (4), 
S.BaP = zS.yap = zS. a)8y, (3); 

therefore BS . a)8y = xaS . a^y + yPS . aj8y + zyS . a^y 

= aS . pyh- pS .yha + yS.Sap 
which is formula 13. 

71, Examples. 

Ex. 1. To express the relation between the sides of a spherical 
triangle and the angles opposite to them. 

Retaining the notation and figure of Ex. 2, Art. 29, we shall 
have 

Va^ VPy = y' sin c . a' sin a, 

where y', a are unit vectors perpendicular respectively to the 
planes GAB, OBG. 

Therefore Y . Va^ VPy = sin c sin a . )8 sin B. 

Also — pS . afiy = ^ sin c sin <^, (3 1. 1), 

where <^ is the angle between OC and the plane GAB, 

Now these results are equal (formula 1 1), therefore 

sin <^ = sin a sin ^. 
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Similarly sin <^ = sin 5 sin ^ ; 

therefore sin a sin ^ = sin & sin Ay 

or sin a : sin& :: sin A : sin B. 

Ex. 2. To find the condition that tlie perpendiculars from the 
angles of a tetraliedron on tlie opposite faces shall intersect one 
another. 

Let OA, OB, 00 be the edges of the tetrahedron (Fig. of Art 
31), a, ^, y the corresponding vectors. 

Vector perpendiculars from A and B on the opposite faces are 
F)8y, Fya respectively (22. 8). If these perpendiculars intersect 
in G, the three points A, By G will be in one plane, whence 

/S'. 08-a) VI3yVya=0 (31. 2, Cor. 2), 

Le. S,{P-a)V.VPyVya=^0, 

Now V . FjSy Fya =-yS. ^ya (Formula 11), 

therefore 3.(^-0)7. F^Sy Fya = - (SjSy - Say) S . )8ya. 

Hence Spy = Say. 

Now BC + OA' = (y - py + a' 

= a'-hir-hy'-2SPy 

= a» + )8* + y» - 2^ay 

= (y-a)» + ^» 

= AC + OB'. 

Consequently the condition that all three perpendiculars shall 
meet in a point is that the sum of the squares of each pair of 
opposite edges shall be the same. 

CoR. Conversely, if the sum of the squares of each pair of 
opposite edges is the same, the perpendiculars from the angles on 
the opposite faces will meet in a point. 

Ex. 3. If P be a point in the face ABC of a tetraJiedroriy 

from which are drawn Pa, Ph, Pc, respectively parallel to OA, 

OB, OC to meet the opposite faces OBC, OCA, OAB in a, 6, c; 

then tvill 

Pa Pb^ Pb 

OA"^ OB'^ 0C~ 
T.Q. 11 
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Betaining the notation of the last examples, let OP = S, 
Fa = -xaf Fh = -yP^ Pc = -«y; then 

Now because P, -4, B, are in the same plane 

i.e. S . 8{aP + py + ya) = S . aPy (1); 

and because Of a, B, are in the same plane 

/S'.(8-aa))Sy = 0, 
ie. xSapy = S,SPy (2) ; 

also because 0, A,h, C are in the same plane 

S.{S-yp) ya = 0, 
i.e. yS . ^ya = S . Syo, 
or, by formula 3, yS , aPy = S. 8ya (3) ; 

lastly, because 0, A, B^ c are in the same plane 

AS'.(S-«y)a)S = 0, 
Le. zS . yaP = S . Sal3, 
or zS.al3y = S.SaP (4). 

Adding (2), (3), and (4) there results 

{x-^y-^z)S. aPy = S. SPy-^S. 8ya+ aS^. Sap 

= ^.a)8y,by(l), 

therefore x + y + z=l: 

Fa Fb Fc , 
hence OA'^OB^W^^' 

Cob. 1. If P be in the plane ABO produced below the plane 
OBCy Pa as a vector will have the same sign as OA has; hence 
in this case we shall have 

^Fa Fb Fc 
OA ^OB^ 0G~ 
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Cor. 2. If P be outside both the planes OBC^ OCA ; we 
shall have 

_Pa_^Pb Pc 
OA OB'^OG" ' 

Ex. 4. Any point Q is joined to the angular points J, B^CjO 
of a tetrahedron^ and the joining lines, produced if necessary^ 
meet the opposite faces in a, 5, c, o ; to prove thai 

Aa Bb Cc Go" ' 
regard being had to the signs of Aa, Bb, dsc, as in the hist eacample* 

LetQA^a, QB = I3, QG = y, QG^h-, Qa = aa,Qb^bp, Qc = cy, 
Qo = dB: then since the points a, b, c, o are in the planes BGO, 
ACG, ABG, ABC, respectively, we have, as in the last example, 

aS. a(/?y + y8+ S^) = >S. jffyS, 
<Sz;c. &c, 

i.e. aS . (apy+ ayB+ a8p)^S . l3yS==0 (1), 

bS. (i8ay + /5y8 + j8Sa)-^. ay8 = (2), 

cS . (yap + ypS + ySa)- S .apB = (3), 

dS.{Sap-hBPy-^8ya)-S.aPy=0 (4). 

Now, if we write 

S.apy=x, S.ayS = y, S.aSfi^z, S,fiyB = u; 
and apply the formulae 3 and 4, we get 

ooj + ay + az- u = 0, 

— 6aj - y — 5« + 6t6 = 0, 
ex + cy+ z — cu=:0, 

— x — dy-'dz-hdu^^O, 

a d 

which give t^-^j — i-^=^> 

a— 1 a— i 



a ^ A 



\\— ^ 
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e * A 



c-1^ 6-1 
e d ^ 



C-1 d'\ 

and« therefore, r + 7 — - + = + ^ — . = 0, 

' a-1 6-1 c— 1 a— 1 

g 6 c ^ _ 1 

^a ^6 ^c Qo , 

Ex. 5. If two tetrahedra ABCD, A'BCV are so situated thai 
the straigJU lines, AA\ BB, CC\ DW aU meet in a pointy the lines 
of intersection of tftje 'planes of corresponding faces shall aU lie in 
the same plane. 

Let A' A, B'B, G'G, B^D meet in 0. 

0^ = a, 0B = ^, OC^y, OD^Z, 
OA' = ma, OB = nPy OC'-=-py, OB'^qS, 

The equation of the plane ABC is (34. 6) 

Sp (rajS+ F)8y + Fya)=S. ajSy, 
and that of A'BC becomes, after dividing both sides by mnp^ 

Tlie vector line of intersection of the two planes is (34. 9) 
r. {rap+ rpy + Vya) (1 F«^+ ^ F/Sy + l Vya) , 
i.e. by formula (11), omitting the common factor S . ajSy, 

\n pj \p mj \m nj ' 

From this expression the vectors of the intersections of tho' 
^lanes may at once be written down. 
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That of ABD, A'FU is 

\n qj \q m)'^ \m, nj 
thsit of AC D.A'C'B' is 

\p q/ \q w ' \m pj- 

and that of BOB, B'CD' 



\p qJ \q ff'J \n pJ 



Now to prove that any three of these lines lie in the same 
plane, all that is necessary is to prove (31. 2, Cor. 2) that the 
scalar of the product of their vectors equals 0. 

If we take the vectors of the first three, we may write them 
under the form 

aa + 6^ + cy, a'a + 6'j8 + cS, a' a + h'y - 58, 

respectively ; so that the scalar of their product is 

S.{aa + b^ + cy) {a'a + h'p + c8) (a"a + h'y - 58). 

Now the coefficient of every different scalar in this product is 
separately equal to 0. That of S . a)8y for instance is, omitting 
the common factor h\ 

\n pJ \q m) \m nJ \p qJ \p m) \n. qJ ' 

in which every term vanishes. 

That again of aS' . jSy8 is 

- 5c6' + ch'h, 

which is ; and so of the rest. 

Hence the intersections, two and two, of the first three pairs 
of planes lie in the same plane ; and the same may be proved in 
like manner of any other three : whence the truth of the pro- 
position. 
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Ex. 6. GPy CD a/re conjugate semi-diaTneters of an dUpsey 
as dlao CP'^ CU ; PJP', BD' are joined; to prove thai the area of 
the tria/ngle POP' equah that of the triangle DCiy, 

Let a, p, a, p! be the vectors CP, CD, OF, CU ; k 2k unit 
vector perpendicular to the plane of the ellipse. 

Since 

a ■= ^"^a = - (aiSiij/a + hjSjil/a), &c., &c. (47. 5), 

therefore Foa' = V. (aiSiiJ/a + hjSj\l/a) {aiSiif/a' + bjSjij/a) 

= ahk (Sul/aSjil/a —Sjij/aSiil/a) 
= - ahkS . k V (il/ail/a'). (Formula 1 6.) 

Similarly 7)8^3 = - ahkS . kV {il/^il/p'). 

Now xf/a, if/P are unit vectors at right angles to one another; 
as are also ij/a^ ij/p' ; therefore the angle between ^a and ij/a' is 
the same as that between ij/P and ij/^. 

Hence S.kV (i/roi/ra') = S.kV {^P^P)f 

and raa'=VPI3', 

i.e. area of triangle PCP'= that of triangle DCD\ 

Ex. 7. If a parallelepiped be constructed on the semi-con- 
jugate diameters of an eUipsoid, the sum of the squares of the areas 
of the faces of the parallelepiped is equal to the sum of the squares 
of the faces of tite rectangular parallelepiped constructed on the 
semirooces. 

By 63. 9, a = - (aiSiipa + hjSjij/a + chShf/a) 

13 = - {aiSiApp + hjSjxlrP + ckShl;P) ; 

therefore Vafi = ahk {Siif/aSj^ff^ - Si^pSjifra) 

+ acj (SixlraShif^ - Siij/pShl/a) 

+ bci {Sjil/aShlf^ - Sjil;l3Skxl/a). 

Kow Si^aSj^p - Siil/pSjil/a = SVij Viffp^a, Formula (16), 

= -Shlry, (Art. 17); 



ART. 71.] FORMULA AND THEIR APPLICATION, 167 

therefore Va^ = - {abkShjry + acjSjij/y + hciSi^lrf)^ 

Fya = - {ahkShifp + (KJSjxIffi + hciSiil/13), 

ypy = — (ahkShf;a + aajSjiJ/a + bciSiij/a). 

If now we square and add these expressions, observing that 
because ^a, xf/^, ilry are unit vectors at right angles to one another, 

{Sul;ay + {SixIfPy + (SuItyY = 1, 
we shall have 

( Vapy + ( ray)' + ( F^y)' = - {(a6)' + («o)' + (be)'}, 

which (21. 4) is the proposition to be proved. 

Ex. 8. To find the locus of the intersections of tangent planes 
at the extremities of conjugate diameters of an ellipsoid. 

Let IT be the vector to the point of intersection of tangeut 
planes at the extremities of a, ^, y: then 

^7r<^= 1, (57), 

gives /S'7n/r*a = — 1, 

or ^i/r7n/ra= — 1, 

Sil/Tnj/y = — 1. 

From these three equations we extricate ijnr by means of for- 
mula (14), which gives 

ij/TrSil/axl/Pilrf = F^ou/r)3/S'i^7n/ry + V\j/P\lfyS\lnnpa 

-^-Vil/yxl/aSxInnl/P ; 

therefore ij/Tr = Vij/aij/P + Vil/^ilr/ + Vil/yxj/a 

(^,r)» = -(l + l + l) 

= -3, 

aj» y« 2» , 
— + - •- + — = 1 • 

3a* 3b' 3c' ' 
an ellipsoid similar to the given ellipsoid. 
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Ex. 9. IfO^ Af By C, Dy E are cmy six points in spcLce, OX 
any givm direction, 0A\ OB, 00\ Olf, OE' the projections 
ofOA, OB, 00, OD, OEonOX; BODE, ODEA, DEAB, EABC, 
ABCD the volumes of the pyramids whose vertices are B,0,DjE,A, 
with a positive or negative sign in accordance with tlie law given 
in the note to 69. 5 ; tlien 

0A\ BCDE+ 0B\ ODEA + 0C\ DEAB + OD'. EABC 

+ OE\ABCD=^0. 

Let OA, OB, 00, OD, OE be a, p, y, 8, € respectively. 

Write for a.S' (y - ^) (8 - j8) (c - P) its value 

a (S. yS€-S, 8€^ + ^. €^y - S . l3yS), 

and similar expressions for jSS (a — y) (8 — y) (c — y), <kc., and there 
will result, by addition, 

a^(y-^)(8-i8)(c-^) + ^.S'(a-y)(8-y)(c-y) 

+ yAS'(a-8)(i8-8)(€-8)+8^(a-€)(/3-€)(y-€) 
+ €.S'(j3-a)(y-a)(8-a)=0, 

i.e. retaining the notation adopted in the Note referred to, 

OA . BODE+ OB . CDEA + 00 . DEAB + OD . EABC 

+ OE.ABCD = 0, 

Now let TT be a vector along OX ; then the operation by ^ . ir 
on the above expression gives the result required. 



In some of the examples which follow, we will endeavour to 
shew how a problem should not, as well as how it should, be 
attacked. 

Ex. 10. Given any three planes, and the direction o/tlie vector 
perpendicular to a fourth, to find its length so that they may meet 
in one point 

Let Sap = a, SPp = h, Syp = c be the three, and let 8 be the 
vector perpendicular to the new plane. Then, if its equation be 

SSp = d, 
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Ve mnst find the value of d that these four equations may all be 
satisfied by one value of p. 

Formula (14) gives 

PAS' . a)8y = VapSyp + VPySap + VyaSpp 
= cVa^ + aVI3y + hVya, 

by the equations of the first three. Operate by aS' . 8, and use the 
fourth equation, and we have the required value 

dS , ajSy =^ aS , l3yS + bS , ya8 + cS . a^S. 

Ex. 11. Tlie mm of the (vector) areas of the faces of any 
tetrahedron^ amd therefore of any polyhedron^ is zero. 

Take one comer as origin, and let a, P, y be the vectors of 
the other three. Then the vector areas of the three faces meeting 
in the origin are 

2 ^'^A 2 ^^^' 2 ^'^°^ respectively. 
That of the fourth may be expressed in any of the forms 

\v(y-a)(fi-a), \v(a-P){y- P), \v(P-y){o.-y). 
But all of these have the common value 

lv{yp + pa + ay), 

which is obviously the sum of the three other vector-areas taken 
negatively. Hence the proposition, which is an elementary one in 
Hydrostatics. 

Now any polyhedron may be cut up by planes into tetrahedra, 
and the faces exposed by such treatment have vector-areas equal 
and opposite in sign. Hence the extension. 

Ex. 12. If the pressure he uniform throughout a fluid mass, 
an imnnersed tetrahedron (and tlierefore any polyhedron) experiences 
no couple tending to make it rotate* 

This is supplementary to the last example. The pressures on 
the faces are fully expressed by the vector-areas above given, and 
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their polnias of application are the centres of inertia of the areas 
of the faces. The co-ordinates of these points are 

3('^+^. 3(^ + r)» 3(7+^), 3(«+^+y), 

and the sum of the couples is 

+ F(y/J + jffa + ay).(a + j3 + y)} 

= -iF(FajS.y+Fi8y.a+Fya.)8) = 0, 

by applying formula (9). 

Ex. 13. JFhat are the conditions that the three planes 

Sap = a, Spp — 6, iSyp = c, 

shaU intersect in a straight line f 

There are many ways of attacking such a question, so we will 
give a few for practice. 

(a) pS . a^y = VapSyp + VPySap + VyaS^p 

= cFa/? + aF^y + 6Fya 

by the given equations. But this gives a single definite value 
of p unless both sides vanish, so that the conditions are 

S.aPy=0, 

and cFa^4-aF^y + 6Fya = 0, 

which includes the preceding. 

(6) S {la - mP) p^aZ-hm 

is the equation of any plane passing through the intersection of 
the first two given planes. Hence, if the three intersect in a 
straight line there must be values of l^ m such that 

Za-m)8 = y, 
la — mb =c 

The first of these gives, as before, 

S.apy^O, 
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and it also gives 

Fya^wFa/?, F/?y = -^Fa^, 

SO that if we multiply the second by Faj8, 

/a Fo^ - m6 Fa^ = cFa/J 
becomes — a V^y — h Yya = c Va^ ; 

the second condition of (a). 

(c) Again, suppose p to be given by the first two in the form 

p=/>a + ^)8 + a;Fa)8, 
we find a =pa^ + qSap, because SaVa^ = 0, 



therefore 



a*, Sa^ 


= o 


a, SaP 


+ P 


a' , a 


Sap, ^ 




h, /8' 




Safiy b 



+ ajFa)8, 



80 that the third equation gives, operating by /S' . y, 



a', Sap 


= Say 


a, Sap 


+ SPy 


a* , a 


Sap, P- 




b, p' 




Sap, b 



+ xS . ajBy. 



Now a determinate value of x would mean intorsection in one 
point only ; so, as before, 

AS^.a^y=0, 

C {a'P' - S'aP) = a (J^Say - SafiSj^y) - b {SajSSay - a'SjSy). 

The latter may be written 
S.a[c{aP'-PSap)-a{yl3''-l3Sl3y)-b{aSPy-ySaP)]==0, 

Now S.a(al3'-'l3Sal3) = Sa(p.l3a-l3SI3a) 

= 6'.a(^F/5a) 
= -^.a08Fa^)=-^(a)8Fa/?). 

• Similarly, S . a (y/? - /SS/Sy) = S (aj8 FjSy), 
and ^. a (cuS'^y - ySa/S) = S.a{V. jSFya), (formula 8), 

= S{apVya). 
The equation now becomes 

^. aj8(cFa/5 + aF/5y + 5Fya) = 0. 
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Now since S . ajSy = 0, a, jS, y are vectors in the same plane ; 
therefore y may be written ma + w^, 

and cVa^ + aF)8y + JTya 

assumes the form eVa/S, which, unless e = 0, gives 

S{apVaP) = 0, 

or Va^ is in the same plane with a, jS; but it is also perpendicular 
to the plane, which is absurd ; therefore e = 0, or 

cVap + arpy + bVya = 0; 

thus the third and prolix method leads to the same conclusion aa 
the first. 

Ex. 14. Find tlte surface traced out hy a straight line which 
remains always perpendicula/r to a given line while intersecting 
each of two fixed lines. 

Let the equations of the fixed lines be 

OT = a + x^y cr, = ttj + a;,^j. 

Then if p be the vector of the new line in any position, 

p — m-^y (tsTj — -zsr) 

= (1 - 2/) (a + xP) + y (a^ + 0?,^,). 

This is not, as yet, the equation required. For it involves 
essentially three independent constants, XyX^^y, and may there- 
fore in general be made to represent any point whatever of 
infinite space. The reader may easily see this if he reflects that 
two lines which are not parallel must appear, from every point of 
space, to intersect one another. We have still to introduce the 
condition that the new line is perpendicular to a fixed vector, 
y suppose, which gives 

S ,y{w^-m)-0 = S .y [(a^ - a) + X^^^ - X^]. 

This gives x^ in terms of a;, so that there are now but two 

indeterminates in the equation for p, which therefore represents 

. which, it is not difficult to see, is one of the second 



ART. 71.] FORMULA AND THEIE APPLICATION. 173 

Ex. 15. Find tlie condition that the equation 

S , p^p = 1 
may represent a surface of revolution. 

The expression <f>p here stands for something more general than 
that employed in Chap. VII I. above, in fact it may be written 

-where a, a^, ^, ^j, y, y^ are any six vectors whatever. This will 
be more carefully examined in the next chapter. 

If the surface be one of revolution then, since it is central 
and of the second degree, it is obvious that any sphere whose 
centre is at the origin will cut it in two equal circles in planes 
perpendicular to the axis, and that these will be equidistant from 
the origin. Hence, if r be the radius of one of these circles, € the 
vector to its centre, p the vector to any point in its circumference, 
it is evident that we have the following equation, 

Spff>p^\-C(p'^r') = {S€pY-e\ 
where C and e are constants. This, being an identity, gives 

Sp4.p-Cp'^{S^py]' 

The form of these equations shews that G is an absolute con- 
stant, while r and e are related to one another by the first ; and 
the second gives 

if>p = Cp + €S€p, 

This shews simply that S . €p<t)p = 0, 

L e. €, p, and <^p are coplanar, i. e. all the normals pass through a 
given straight line ; or that the expression 

Vpit>p, 
whatever be p, ejcpresses always a vector parallel to a particular 
plane. 

Ex. 16. If three mutually perpendicular vectors he drawn 
from a point to a plane, the sum of the reciprocals of the sqtiares 
of tJieir lengths is independent of their directions. 
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Let Sep = 1 

be the equation of the plane, and let a, j3, y be any set of 
mutually perpendicular unit-vectors. Then, if aa, yfi, zy be 
points in the plane, we have 

xSa€ = 1, ySp€ = 1, zSye = 1, 

whence -€ = aSa€ + pSp€-{-ySy€ (63. 2) = -+^+3!. 
Taking the tensor, we have 

or y* sr 

Ex. 17. Find tJte eqvution of tlie straight line which meefo, 
<U right angles, two given straight lines. 

Let OT = a + xP, OT = Cj + xfi^^ 

be the two lines ; then the equation of the required line must be 

of the form 

w = a^-¥x^Vpp^, 

and nothing is undetermined but a,. 

Since the first and third equations denote lines having one 
point in common, we have 

Similarly S. j8. F^^, (o. - a.) = 0. 

Let %=yP+yA 

(it is obviously superfluous to add a term ia VPP^, then 
and, finally, 

Ex. 18. IfTp==Ta = Tp = \, and S. afip^O, aheuj that 

S.U{p-a)U{p-P)= ^\{\.Sap). 
Interpret this theorem geometrically. 
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We have, from the given equations, the following, which are 
equivalent to them, 

Hence - »" - y' + IxySafi = - 1, 

U(p-fi)^ «^a + (2,-l)^ 



_ - ag(g --J.)jh [^jf^jg;- 1) (y - 1)] SaP^y i y-l) 

'^ Jaf+y'-2x-\-l-2 {xy - y)Sap Jix^+f-^2y+l^2{xy-x)Sap 

x + y-{x + y-l)SaP-'l 
" J2^ 2x-h2ySal3 ^2 - 2y + 2xSap 



2j{l-x-y){l - ^V) + ^i{ 1 - (^'«i3)'} 

^ x-hy-l I I -Sap 

2 \/ l-x-y-^-xyil+Sap) 

^ J? + y-l / 1 - Sap 

2 V l-a;-2/ + J(2icy + ^ + y*-l) 

Jt V i-2(a; + y) + a;" + y' + 2a;y 

Of course there are far simpler solutions. Thus, for instance, 
the given equations shew that p, a, P are radii of some unit 
4iircle, Hence the expression is the cosine of the supplement of 
the angle between two chords of a circle drawn from the same 
point in the circumference. This is obviouslj half the angle 



176 QUATERNIONS. [CHAP. IX. 

subtended at tHe centre by radii drawn to the other ends of the 
chords. The cosine of this angle is 

-Sap, 
and therefore the cosine of its half is 

Ex. 19. Find the 'relative position^ at any instant , of two 
points^ which are moving uniformly in straight lines. 

If a', p be their vector velocities, t the time elapsed since 
their vectors were a, ^, their relative vector is 

p = a + ta'-p--tp: 

80 that relatively to one another the motion is rectilinear, and 
the vector velocity is 

To find the time at which the mutual distance is hast. 

Here we may write , 

p = y + «S, 

As the last term is positive, this is least when it vanishes^ 
ie. when 

t=^ — S. yS" . 

This gives P = 7 — S/SyS""* 

= yFS-V, 
the vector perpendicular drawn to the relative path; as is, of 
course, self-evident, 

Ex. 20. Find the locus of a given point in a line of given 
length, when the extremities of the line moi?e in circles in one plane, 
(Watt's Parallel Motion.) 



ART. 71.] FORMULA AND THEIR APPLICATION. 177 

Let cr and t be the vectors of the ends of the line, drawn 
from the centres a, ^ of the circles* Then if p be the vector of 
the required point 

p = (a + 0-) (1 - 6) +e (j8 + t), 

subject to the conditions 

From these equations o- and t must be eliminated. We leave 
the work to the reader. There is obviously an equation of con- 
dition 

Ex. 21. Classify the curves represented by cm equation of 
the form 

^a + xfi + x*y 
"" a + bx-\-caf ' 

where a, ^, y are giv&ii vectors, and a, 6, c given scalars. 

In the first place we remark that of in the numerator merely 
adds a constant vector to the value of p, unless c = 0. 

Thus, if c do not vanish, the equation may be written, with 
a change of a and fi and in general a change of origin, 

'^ a + bx + ca^' 

and this again, by change of x and of a and fi, as 

a + xP 
a + cx* 

It is obvious that this represents a plane curve. 

. , Sap _ a' + xSa/i 

^^ Wp" Sap-^xp^' 

T. Q. ^ 12 
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Hence both numerator and denominator of x are of the first 
degree in Sap, Sfip ; and therefore 

„ _ a* + xSafi 
" a + caf 

gives an equation of the third degree ia phy the elimination of x. 
When we have Sap = 0, 



o* 



Spp = 



a + cx^^ 



whence x= r^J^ , 

P'Sap* 



a* 



and a (Sap)' + c ^ {SfipY = a*Sap, 

a conic section. 

If c = 0, then with a change of x, a, j3, y, the equation may be 
written 

P = ^ + ^ + «7i 

a hyperbola — so long at least as h does not also vanisL 

If h and c both vanish, the equation is obviously that of a 
parabola. 

If a and h both vanish, whilst c has a real value, we have 
again a parabola. 

If a vanish while b and c have real values, we have again 
a hyperbola. 

Ex. 22. Find the Ioctis of a point at which a given finite 
straight line subtends a given angle. 
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Take the middle point of the line as origin, and let * a be the 
vectors of its ends. At p it subtends an angle whose cosine is 

-SU{p--a)U(p + a). 

This, equated to a constant, gives the locus required. We 
may write the equation 

a'-'p' = cT(p--a)T{p-ha). 

This is, obviously, a surface of the fourth order; a ring or 
tore formed by the rotation of a circle about a chord. When 
c = 0, i.e. when the angle is a right angle, the two sheets of this 
surface close up into the sphere 

8 8 

p =a. 

A plane section (in the plane a, j8 (suppose) where Tp = Ta 
and Sa/S = 0) gives 

{a» (1 - ««) - 2/«a«}» = c« {(a: - 1)» + 2/^} {(« + 1)» + y»} a*, 
or {1 - (a^ + ^)Y = c» {(x* + y^ + 1)"- 4a»}, 

or, finally, l-{a^ + y') = ^-^=, 

which, of course, denotes two equal circles intersecting at the 
ends of the fixed line. 

Ex. 23. A ray of light /aUs on a thm reflecting cylinder ^ shew 
that it is spread over a right cone. 

Let a be the ray, t a normal to the cylinder, p a reflected ray, 
P the axis of the cylinder. 

Then t is perpendicular to )8, or 

SPr = (1). 

Again p and a make equal angles with r, on opposite sides of 
it, in one plane ; therefore 

p^rar 

or F.TOTp = (2). 

12—2. 
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EliminatiDg r between (1) and (2) we have 

a' ~ \SapJ 
the equation of the right cone of which )3 is the axis, and a a side. 



1 2. (a^y)' = 2a'^y* + a' {fiy)'+ P> (ay)»+ / (o/9)'- iaySafiS^. 

(Hamilton, Elementa, p. 346.) 



Additional Examples to Chap. IX. 

1. Prove that ^.(o + j3)(j8 + y)(y + o) = 2^. aj8y. I 

2. S . Vafi V^yTya = - (Safiy)'. 

3. S . 7 {VapVpy) 7 { F^y Fya) 7 ( Fya Fa/S) = - (5 . a)8y)*. 

4. ^ ( r^y Fya) = -/Sa^ - SPySya. 

5. a'jS'y' = ( Fa/8y)' - (Sa^)' 



i 



I 

I 



J 

{ 



6. = a« {SPyY + P' (Sya)' + y« (^a^)« - (/ftijSy)" 
- 2Sa^SpySya. 

7. S{yr.al3y) = y^Sal3, 

8. (a)87)» = a»)8V + 2a^y^ . a)8y. 

9. aS' ( Fa)8y F)8ya Fya)8) = iSapSjSySyaS . a)8y. 

10. The expression 

Fa^SFyS + VayVSj^ + Fa8 F^y 
denotes a vector. What vector ? 1 

(Tait's Quaternions. Miscellaneous Ex. 1.) 

11. SapS. ^yS- SPpS. ySa + SypS.Sap^SSpS. aj8y = 0. 



i 



\ 
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13. With the notation of the Note, Art, 69. 5, we shall 
have 

DABG ^OABO- OBCD + OCDA - ODAB. 

14. When A, B, 0, J) are in the same plane, 

a.BCB-p.CBA-^y.DAB-S.ABG^^O, 
where BOBy <fcc. are the areas of the triangles. 

15. SF. a)8y + aV. jSyS + ^V . ySa -h yV . 8ap=4:S, afiyS. 

1 6. VaP VyB + r/^y VSa + VyS Vap + Vha7py is a scalar. What 
is its geometrical meaning ? 

17. Find the equation of the sphere circumscribing a given 
tetrahedron. 

18. A straight line intersects a fixed line at right angles, and 
turns uniformly about it while it slides uniformly along it. Find 
the equation of the surface described (1) when the fixed line is 
straight, (2) when it is circular. 



CHAPTER X. 

VECTOR EQUATIONS OF THE FIEST DEGREE. 

With the object of giving the student an idea of one of the 
physical applications of Quaternions, we will treat the solution of 
linear and vector equations from an elementary kinematical point 
of view. For this purpose we choose the problem of the de- 
formation of a solid or fluid body, when all its parts are similarly 
and equally deformed. 

Dep. Homogeneoua Strain is such that portions of a body, 
originally equal, similar, and similarly placed, remain after the 
strain equal, similar, and similarly placed. 

Thus straight lines remain straight lines, parallel lines remain 
parallel, equal parallel lines remain equal, planes remain planes, 
parallel planes remain parallel, and equal areas on parallel planes 
remain equal. Also the volumes of all portions of the body are 
increased or diminished in the same proportion, as is easily seen by 
supposing the body originally divided into small equal cubes by 
series of planes perpendicular to each other. After the strain, 
these cubes are all changed into similar, similarly placed, and 
equal parallelepipeds. 

It is thus obvious that a homogeneous strain is entirely deter- 
mined if we know into what vectors three given (non-coplanar) 
are changed by it. Thus if a, ^, y become a, jS', y 
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respectiyelj: any other vector, which may of course be expressed as 

is changed to 

''' = ^7^ ^"'^ .pyp + ^S.yap + y'S . a^p). 

No needful generality is lost, while much simplification is 

gained, by taking a, ^, y as unit vectors at right angles to one 

another. This is, in fact, the method already spoken of, L e. the 

imaginary division of the body into small equal cubes, by three 

mutually perpendicular series of equidistant planes. We thus 

have 

p = - (a/Sap + pSj^p + ySyp\ 

p' = - {a' Sap + ^SPp + ySyp). 

Comparing these expressions we see that Homogeneoua Strain 
alters a vector into a definite linear and vector function of its 
original value. 

In abbreviated notation, we may write (as in Art. 63, though 
our symbol, as will soon be seen, is more general iiian that there 
employed) 

^p = - {a'Sap + pfSpp + y'Syp), 

where <^ itself depends upon nine independent constants involved 
in the three equations 

For a', P\ y may of course be expressed in terms of a, )8, y : 
and, as they are quite independent of one another, the nine co- 
ef&cients in the following equations may have absolutely any 
values whatever ; 

^ = a' = Aa + cp + Vy \ 

<^j5=j5' = c'a + ^)8 + ay i (»)• 

^ =y = ba+a'fi + Cy> 
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In discussing the particular form of <^ which occurs in the 
treatment of central surfaces of the second order we founds Art. 44, 
that it possessed the property 

S . (r<l>p = S. p^ (6), 

whatever vectors are represented by p and or. Remembering that 
a, j8, y form a rectangular unit system, we find from (a) 






with other similar pairs ; so that our new value of <^ satisfies (b) 
if, and only if, we have in (a) 

6=6'[ (c). 

c = c'j 

The physical meaning of this condition, as will be seen im- 
mediately, is that the distortion expressed by <^ takes place imth<mt 
rotation. In this case the nine constants are reduced to six. 

But, although (b) is not generally true, we have 
S.ar<l>p = - (SaaSap + S^aS^p + SyaSyp) 
= '-JS.p{aSa'a- + pS^<r + ySy<r), 

where the expression in brackets is a linear and vector function 
of (T, depending upon the same nine scalars as those in <^ ; and 
which we may therefore express by <f/, so that 

^V = -(a&V + i8/S'^o- + yASyo-) (d). 

And with this we have obviously 

S * <r<l}p = S . p^'o" (e), 

which is the general relation, of which (6) is a mere particular 
case. 

By putting a, j8, y in succession for o- in (c?) and referring to 

(a) we have 

fjia =Aa-\-c'P+by | 

<f>'P= ca + BI3+a'y\ (/). 
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Comparing (/) with (a) we see that 

whatever be p, provided the conditions (c) be fulfilled. This agrees 
with the result already obtained. 

Either of the functions <f} and <^', thus defined together, is 
called the Conjugate of the other : and when they are equal (L e. 
when (c) is satisfied) ^ is called a Sdf -Conjugate function. As we 
employed it in Chap. VI, ^ was self-conjugate ; and, even had it 
not been so, it was involved (as we shall presently see) in such a 
manner that its non-conjugate part was necessarily absent. 

We may now write, as before, 

«^p = - (a'/^ap + pS^p + y /Syp), 

and, by (d)^ 

^ p = — (aSap + PSP'p + ySyp), 

From these we have by subtraction, 

{<t>-<l>')p = <l>P'-<l>'p = aSa'p-a'Sap-hl3SP'p-^SI3p + ySyp'ySyp 

--r.Foa'p + r.FiSiS'p+F.Fyy'p 

= 2r.6p (g); 

if we agree to write 

2€=F(aa' + j8)8' + y/) (h). 

We may now express that <f} is self-conjugate by writing 

« = 0, 

the physical interpretation of which equation is of the highest 
importance, as will soon appear. 

If we form by means of (a) the value of c as in (h) we get 
2€ = (cy-6')8) + (aa- cy) +(6)5- aa) 

= (a-a')a + (6-5'))3 + (c-c')y, 

which obviously cannot vanish unless (as before) the three con- 
ditions (c) are satisfied. 
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By adding the values of <^p and <f}p above we obtain 
{<f> + if/) p=:ff,p+^'p = - (aSa'p + a' Sap -^PSP^p ^P'Spp -^ySy'p-^-y'Syp) 
=-'-'r{apa' + l3p^ + ypy')-^p{Saa'-hSp^-hSyyy 

As we have (by 69. 6) 

V . apa' = V . a pa, &C. 
this new function of p is self-conjugate. 

This will easily be seen by putting <^ + <^' f or <^ in (b) and re- 
membering that (by 69. 17) we have 

S . <rapa = S . pa'aa = S . paxra^ &c., <fec. 

Hence we may write 

(<l> + <l,')p^2mp (i), 

where the bar over ^ signifies that it is self-conjugate, and the 
factor 2 is introduced for convenience. 

From (g) and (i) we have 

<t>P = ^p-^V€p\ . 

<j)p = mp — Vip) 

If instead of ^p in any of the above investigations we write 
(^ + 9) Pi i^ is obvious that <^ p becomes (<^' + 5^) P : and the only 
change in the coefficients in (a) and (/) is the addition of ^ to 
each of the main series A, B, C. 

"We now come to Hamilton's grand proposition with regard to 

linear and vector functions. If <^ be such that, in general, the 

vectors 

p, ^p, ^'p 

(where <^'p is an abbreviation for <^ (<Ap)) ^.re not in one plane, then 
any fourth vector such as <^'p (a contraction for <^ (<A(^/>))) can be 
expressed in terms of them as in 31. 5. 

Thus <l}*p = m^<f}'p-m^<l>p+mp (k), 

where m, m^ , m, are scalars whose values will be found immedi- 
ately. That they are independent of p is obvious, for we may put 
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a, )9, y in succession for p and thus obtain three equations of the 
form 

<l>^a = m^<l>'a-m^<l>a + ma (^, 

from which their values can be found. For by repeated applica- 
tions of (a) we can express (F) in the form 

v/ v/ v/ 

\/f \ff \/f 

This gives ^ = 0, ^=0, (7 = 0. 



These are three equations connecting m, m^, m^, with the nine 
coefficients in (a). The other two groups of three equations, 
furnished by the other two equations of the form (Z), are merely 
consistent with these; and involve no farther limitations. This 
method, however, is very inferior to one which will shortly be 
given. 

Conversely, if quantities m, Wj, m, can be found which satisfy 
(l), we may reproduce (k) by putting 

and adding together the three expressions {l) multiplied by 05, y, z 
respectively. For it is obvious from the expression for ^ that 

x<l>p «= ^ (xp), oc<l>'p = <l>' (xp), &c., 

whatever scalar be represented by x. 

If p, ^p, and <l>'p are in the same plane, then applying the 
strain <^ again we find ^p, ^'p, ^^p in one plane ; and thus equa- 
tion (k) holds for this case also. And it of course holds if ^p is 
parallel to p, for then ^'p and ^®p are also parallel to p. 

"We will prove that scalars can be found which satisfy tha 
three equations (l) (equivalent to nine scalar equations, of which, 
however, as we have seen, six depend upon the other three) by 
actually determining their values. 

The volume of the parallelepiped whose three conterminous 
edges are A, /i, v is (31. 1) 

— S . Afiv, 
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After the strain its volume is 

— S, <l>\ <l>fi<l>v, 

so that the ratio '^ J^ 

is the same whatever vectoi*s X, fi, v may be ; and depends there- 
fore on the constants of <^ alone. "We may therefore assume 

X = p, 

V = <l>'p, 
and by inspection of (k) we find 

S.XpLv " ;S . p<l>p<l>'p "*^ W> 

which gives the physical meaning of this constant in (k). As we 
may put if we please 

X = a, 

^ = y> ) 

we see by (a) that 



S. 4>aff>p<j,y 



m = — ~ — 



S,apy 



A, c, U 
6, a; C' 



which is the expression for the ratio in which the volume of each 
portion has been increased. This is unchanged by putting ^' for 
^, for it becomes, by (/), 



m = 



A, 


o\ 


h 


c, 


B, 


a' 


v, 


a, 


C 



Hence conjugate strains produce eqioal changes 0/ volume. 

Recurring to (m) we may write it by (e) as 

jS.X<l>T<l>/i4y-=mS.\r/Av, 
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from which, as X is absolutely any vector, we have 

<l>V<l>fi<l>v =mVfiv] 
or ^ V<l>fi<l)'v =mVfiv 



} H- 



[In passing we may notice that (n) gives us the complete solution 
of a linear and vector equation such as 

where 8 and ^ are given and <r is to be found. "We have in fact 
only to take any two vectors ft and v which are perpendicular to 
Sy and such that 

Vfiv = 8, 

and we have for the unknown vector 

o* = — V<l>lJLd>V, 

which can be calculated, as <^ is given.] 

If in (n) we put ^ + ^ f or <^ we must do so for the value of m 
in (m). Calling the latter Mg we have 

,^ S, (<^ +g) X (<A +g)fi(<l> +9)y 

S . Xdyuxbv + S . fw^v<^X + *S^ . v<^X<^/A 
= "'-'^ SJ^y 

g aS^ . Xfx<l>v + *S^ . vX<^/A + S . ixv<l>X 

+ / {o\ 

and by (n) {<l> + g) V {<!> + g) fi {<!> + g) v ==- M^ . Vfiv {p)y 

or M^ = m + fi^+ fi^g'+g'' \ .. 

(^ + g) [m^"' Vfiv + g{ Fc^Vv + F/i,«j!»V) + g' Vfiv] = M, FftvJ "^ ^' 

From the latter of these equations it is obvious that 

must be a linear and vector function of F/xv, since all the other 
terms of the equation are such functions. 
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As practice in the use of these functions we will solve a 
problem of a little greater generality. The vectors 

Fftv, V<t>iAv, and Vfiff/v 

are not generally coplanar. In terms of these (31. 5), let us 

express ^Fftv. 

Let <l>VfjLv — xVfiv + yV<l>fiv +zVix<l>v, 

Operate hj S ,X, S. /x, S ,v successively, then 

*S^ . fjiv<l>'X = xS . Xfiv + yS . v\.<f>ii + zS . Xfitl/v, 

The two last equations give (by 69. 4) 

2/=-l, » = -l, 

and therefore the first gives 

_ S . iiv<j}\ + S . vX<^'/x + S . Xiiff/v 

S , Xfxv 

= /^8» ^7 to)- 
Hence, finally, 

<l}Vfiv = fi^Vfiv — V<l>' fiv— Vfi<l>v (r). 

Substituting this in (q), and putting <r for F/xv, which is any 
vector whatever, we have 

(<l> + g)[m<l>-'-hg(ji^-<l>)+g']a-={m + fi^g + fi^+S^)<r, 
or, multiplying out, 

= (m + /A^5r + /Ay + /)<r; 
that is (— ^' + f^a*^ + mt\r^) a = fi^cr, 

or (<^^- /i,jj<^^ + fjL^fj, - w) cr = 0. 

Comparing this with (k) we see that 

_ ^S, Xff>ix^v + S . fjijcl>v<l>X + S . v<l>X<l>fji, 
and thus the determination is complete. 



.(*), 
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"We may write (k), if we please, in the form 

mtfr^p = m,p - m^c^p + <ffp (A;'), 

which gives another, and more direct, solution of the equation 
(above mentioned) 

ffxr = 8. 

Physically, the result we have arrived at is the solution of 
the problem, " By adding together scalar multiples of any vector 
of a body, of tlie corresponding vector of the same strained homo- 
geneously, and of that of the same twice over strained, to repre- 
sent the state of the body which would be produced by supposing 
the strain to be reversed or inverted." 

These properties of the function <^ are sufficient for many 
applications, of which we proceed to give a few. 

I. Homogeneous strain converts an originally spherical por- 
tion of a body into an ellipsoid. 

For if p be a radius of the sphere, o* the vector into which 
it is changed by the strain, we have 

cr = «/»p, 

and Tp =r G, 

from which we obtain 

r^-»cr = (7, 

or ^ S.<l>^'a<lr'<r = -'C% 

or, finally, S . <r<l>'-'<t>^'(r = -€!*. 

This is the equation of a central surface of the second degree ; 
and, therefore, of course, from the nature of the problem, an 
ellipsoid. 

II. To find the vectors whose direction is unchanged by the 
strain. 

Here'^p must be parallel to p or 

<l>p=gp. 

This gives ^'p = g'Pi ^^-9 
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fo that bj (k) we hzre 

This mairt have one real root, and maj hare three. Sappose g^ to 
he a root^ then 

^-^^ = 0, 

and therefore, whatever be A, 

or S.p{il>'k-g^\) = 0. 

Thun it appearH that the operator if/ — ^^ cats off from any rector 
X the part which is parallel to the required valae of p, and there- 
fore that we have 

p||ifr.(^'-i,.)x(^'-i,.)M 

where i is absolutely any vector whatever. This may be written as 

II *^'.7 ^8 ^* "^ ^1^ "" ^ r 

The same result may more easily be obtained thus : — 

The exprcHsion 

(<^" - m,<^* + TWjC^ - m) p = 0, 
being true for all vectors whatever, may be written 

{<l>-9d('l>-9»){'l>.-9,)p = 0, 

and it is obvious that each of these factors deprives p of the por- 
tion con'csponding to it : i. e. <^ — ^^j applied to p cuts off the part 
parallel to the root of 

{^ -91)^ = ^> <fcc., &c. 

so that the operator (<^ - 5^,) (<^ - 5^3) when applied to a vector 
I00VA8 only that part of it which is parallel to or where 
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III. Thus it appears that there is always one vector, and 
that there may be three vectors, whose direction is unchanged by 
the strain. 

Def. Pure, or norirrotationcU, strain consists tn altering the 
lengths of three lines at right angles to one another^ without altering 
their directions. 

Hence if ^p^ = g^p^ 

the strain <^ is pure i^ and not unless, p, , p^^ p, form a rectangular 
system. [There is a qualification if two or more of g^g^g^ be 
equal.] 

Hence, for a pure strain, we have 

^Pa^Pi = 9i^PJ^i = ^y 
and ^Pi^Pa = 9a^PiPa = ^ * 

or Spi<l>p9 = Sp»'hi* 

But we have, generally, 

^Pi4>p2 = ^p2i^'pr 
As we have two other pairs of equations like these, we see 

that ^ = ^ 

when the strain is pure. 

Conversely, if ^ = ^' 

the three unchanging directions p^^ p^j pt &re perpendicular to one 
another. 

For, in this case, the roots of 
are real. Let them be such that 

T. Q. 13 
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then g^g^SpiP^ = S^p^if^p^ 

= Sp^<l><t>p^ 
(because, by hypothesis, the strain is pure) 

= 92^P,Pa> 

for <l>P, = 9sp2 and i>'p^ = g^^p^. 

Hence, except in the particular case of 

we must have 

Sp^P, = 0, 
whence the proposition. 

When g^ and g^ are equal, p^ and p, are each perpendicular 
to pg, but any vector in their plane satisfies 

ffxr-g^a-^O. 

When all three roots are equal, every vector satisfies 

<^<r - g^a = 0. 

IV. Thus we see that when the strain is unaccompanied by 
rotation the three values of g are real. [But we must take care 
to notice that the converse does not hold. This will be discussed 
later.] If these values be real and different, there are three vectors 
at right angles to one another which are the only lines in the body 
whose directions remain unchanged. When two are equal, every 
vector parallel to a given plane, and all vectors perpendicular to 
it, are unchanged in direction. When all three are equal no 
vector has its direction changed. 

Y. There is, however, a peculiarity to be noticed, which dis- 
tinguishes true physical strain from the results of our mathe- 
matical analysis. When one or more of the values of g has a 
negative sign, we cannot interpret physically the result without 
introducing the idea of a pure strain which shall, as it were, pull 
the parts of an originally spherical portion of the body through 
the centre of the sphere, and so form an ellipsoid by turning a 
part of the body outside in. When two, only, are negative we 



j (0. 
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can represent physically tlie result by introducing the conception 
of a rotation through two right angles about the third axis. But 
we began by assuming that there is no rotation ! Hence, for the 
case considered, all three roots must be positive. See end of next 
section (VL). 

VI. This will appear more clearly if we take the case of a 
rigid body, for here we must have, whatever vectors be repre- 
sented by p and <r, 

T<l>p = Tp 

Spa = S . ^p<fi(r^ 

L e. the lengths of vectors, and their inclinations to one another, 
are unaltered. In this case, therefore, the strain can be nothing 
but a rotation. It is easy to see that the second of these equa- • 
tions includes the first; so that if, for variety, we take ^ as 
represented in equations (a), and write 

p = xa + y^-\- zy, 

we have, for all values of the six scalars », y, 2j, ^, ^, ^, the follow- 
ing identity : 

-{xi + y7j + zi) = S.{xa' + y^-hzY){^a' + 7j^ + iy) 

= a"xi + fi''yrj + y"zi 

+ {a^ + yi) Sa'^ + {yi + zrj) Sp^y' + {z^ + xt) Sy'a. 



/I'svLo} (^>' 



This necessitates 

Sa'P'^^S/S'y'^Sy 

i.e. the vectors a', ^', y form, like a, ^, y, a rectangular unit 
system. And it is evident that any and every such system 
satisfies the given conditions. But the system a , j8', y must be 
himilar to a, ^, y, L e. if a quadrant of positive rotation round a 
changes ^ to y &c. a quadrant of positive rotation about a' must 
change jS' to y' &c. 

When this is not the case, the system a , )3', y is the per- 

13—2 
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version of a, /S, y, i. e. its image in a plane mirror ; and the strain 
is impossible from a physical point of view. 

This is easily seen from another point of view. The volume 
of the parallelepiped whose edges are rectangular unit vectors 
a, j8, yis -S.afiy 

if a positive quadrant of rotation round a brings ft to coincide 
with y &c. But, in the perverted system, the volume has changed 
sign and is expressed by 

^.a^y. 

VII. It may be interesting to form, for this particular case, 
the equation giving the values of g. We have 

^ S.aPy 

^ S.{a'-^ga)(^ + gP)(y + gy) 
S.al3y 

=^l-gS (a^y 4- a'py + a'^V) 

- g'S{al3y 4- aP'y + a'py)+g\ 

Recollecting that a, ^, y ; a', p\ y are systems of rectangular 
unit vectors, we find that this may be written 

= (J7 + 1) b' - 27 {1 + -S K + ;8)8' + yy')} + 1]. 
Hence the roots of 

are in this case ; first and always, 

which refers to the axis about which the rotation takes place : 
secondly, the roots of 

^«-^{l4-/S'(aa'+^^' + yy')} + l = 0. 

Now the roots of this equation are imaginary so long as the 
coefficient of the first power of g lies between the limits =*= 2. 

Also the values of the several quantities Saa\ S^^, Syy can 
never exceed the limits =*= 1, When the system a, yS, y coincides 
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with a!y ^, /, the value of each of the scalars is -1, and the 
coefficient of the first power of ^ is +2. When two of them are 
equal to + 1 and the third to - 1 we have the coefficient of the first 
power of g — — 2. These are the only two cases in which the 
three values of g are all real. 

In the first, all three values of ^ are equal to -1, i.e. 

for all values of p, and there is no rotation whatever. In the 
second case there is a rotation through two right angles about 
the axis of the - 1 value of g, 

VIII. It is an exceedingly remarkable fact that, however a 
body may be homogeneously strained, there is always at least one 
vector whose direction remains unchanged. The proof is simply 
based on the fact that the strain-function depends on a cubic equa- 
tion (with real coefficients) which must have at least one real root. 

IX. As an illustration of what precedes (though one which 
must be approached cautiously), suppose a body to be strained so 
that three vectors, a", ^", y' (not coplanar, and not necessarily 
at right angles to one another), preserve their direction, becoming 
e^a", e^^'\ e^y". Then we have 

fi>pS . a"^ V = ^y^' ^Yp + ^J^'^ • /« P + ^y'^ • «T P- 

By the formulas (m, s) we have 
S . <l>a"<t>l3 ''<l>y' _ 

^8 - STapY - «i + «a + «a > 

80 that we have by (Jc) 

(<A-«.)('^-«.)(«^-«,)p=o- 

Though the values of g are here all real, we must not rashly 
adopt the conclusions of (iv.), for we must remember that a", )3", y' 
do not, like a, )3, y, necessarily form a rectangular system. 
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In this case we have 

^'p<S. a"P"y" = e,V^'y"Sa"p+ e^Fy" a" S^' p + eja" ^' Sy" p. 

So that, by (A), 
2€S . aT'y" = V- («,»" Wy" + e^" ry'a" + e,y" ra")3") 

= (ir^.a">s/3"/ + e';::7^'Sy"a" + eT^i;^^^"^'). 

This vanishes, or the strain is pure, if either 

1. A^a")8" = JSjS'Y = >^y V' = 0, 

Le. if a", ^\ y" are rectangular, in which case e,, c^, Cg may have 
any values ; or 

2. 6^=6^ = 6^,10. which case 

<l>'pS. al'P'y" = 6^ { VpySa:'p+Vy"o!'SP'p 4- Va:'P'Sy"p} 
= 6^pS. a"^Y by (69. U), 

so that 

<l>'p = 6^p = «/»p 

for every vector : a general uniform dilatation unaccompanied by 
change of direction. 

3. «i = ^8, and a" and j8" both perpendicular to y". 

From what precedes it is evident that for the complete study 
of a strain we must endeavour to distinguish in eacli case between 
the pure strain and the merely rotational part. If a strain be 
capable of being decomposed into 1st a pure strain, 2nd a rotation, 
it is obvious that the vectors which in the altered state of the 
body becopae the axes of the sti'ain-ellipsoid (i.) must have been 
originally at right angles to one another. 

The equation of the strain-ellipsoid is 

spr'p=-<^, 

and in this it is obvious that <^~' is self-conjugate, or at least is to 
be treated as such : for a non-conjugate term in 0~'p would be (g) 
of the form Fcp, 

and would therefore not appear in the equation. 
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For the proper treatment of rotations, tlie following simple 
but excessively important proposition, due to Hamilton, forms the 
best starting-point. 

Jf qhe any quaternion, the operator g ( ) q"^ turns the vector, 
quaternion, or body operated on round an aods perpendicular to the 
plane of q and through an angle equal to double that ofq. 

For the proof we refer the reader to Hamilton's Lectures, 
§ 282, Mements, § 179 (1), or Tait, § 353. It is obvious that the. 
tensor of q may be taken to be unity, i. e. q may be considered as a 
mere versor, because the value of its tensor does not affect that of 
the operator. 

[A very simple but important example of this proposition is 
given by supposing q and r to be both vectors, a and yS let us say. 
Then 

is the result of turning j8 conically through two right angles about 
a, i. e. if a be the normal to a reflecting surface and ^ the incident 
ray, — a^a"^ is the reflected ray.] 

Now let the strain <^ be effected by (1), a pure strain m (self- 
conjugate of course) followed by the rotation q (^ ) q~\ We have, 
for all values of p, 

#=^rp)^"' w. 

whence ^ p = ^ (q'^pq)* 

The interpretation is that, under the above definition, the con- 
jugate to any strain consists of the reversed rotation, followed by the ^ 
pure strain. 

We may of course put, as in Chap, vi, 

^p = e^aSap + e^^Sfip + e^ySyp, 

where a, ft, y form a rectangular system. Hence 

4>P = e^qaq'^Sap + e^q^q'^SPp + e^qyq^^Syp. 
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Here the axes are parallel to 

qaq", qpq'\ qyq'\ 
and we have 

S . qaq'^qfiq'' = S . qa^q"' = Sa/S = 0, &C. 

So far the matter is nearly self-evident, but we now come to 
the important question of the separation of the pure strain from 
the rotation. By the formulse above we see that 

= ^q~^ {qmpq~^) q 

so that we have in symbols, for the determination of ^, the 
equation 

fp <l> = m. 

That is, as we see at once from the statements above, any 
straiuy followed hy its conjiigate, gives a pure strain^ which is the 
square (or tlve result of two applications) of the pure part of 
either. 

To solve this equation we employ expreFsions like {k). ^'<f> 
being a known function, let us call it w, and form its equation as 

(0* — m,a)' + m^ta — m = 0. 

Here the coefficients are perfectly determinate. 
Also suppose that the corresponding equation in ^ is 

where g, g^y g^ are unknown scalars. By the help of the given 
relation w* = w, 

we may modify this last equation as follows : 

^ia-g^ixi + g^w-g = Oy 

— 9 + 9a^ 

9i + ^ 
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L e. ^ is given definitely in terms of the known function tOy as 
soon as the quantities g are found. But our given equation 

may now be written 

\g, + ^J 

As this is an equation between co and constants it must be 
equivalent to that already given : so that, comparing coefficients, 
we have 

9 '"^91 =^^2f 
9'-^992=^ii 

from which, by elimination of ^ and g^, we have 



Ci^?)*-».*^'- 



The solution of the problem is therefore reduced to that of this 
biquadratic equation ; for, when g^^ is found, g^ is given linearly 
in terms of it. 

It is to be observed that in the operations above we have not 
been particular as to the arrangement of factors. This is due to 
the fact that any functions of the same operator are commutative 
in their application. 

Having thus found the pure part of the strain we have at once 
the rotation, for (v) gives 

or, as it may more expressively be written, 



If instead of (v) we write 

€l>p = w{rpr'') : (v'). 
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we aftrame that the rotation takes place first, and is saooeeded by 
the pure strain. This form gives 

and 4*^'p ^ ^p9 

whence w is found as above. And then (t/) gives 

Thus, to recapitulate, a strain <f> is equivalent to the pure 
strain ij<t><l> followed by the rotational strain <f> -i-==9 or to the 

rotational strain . . ^ followed by the pure strain <y<^</>'. 

This leads us, as an example, to find the condition that a given 
strain ia rotational only, ie. that a quaternion q can be found 
such that 

Here we have <fi = S'"* ( ) !7j 

or i> =^~^ (^)- 

But m<^~* = m^ - m^<l} + <^', 

or m<l> = 7/1, — m^<l> 

whose conjugate is m<^ = m, —m^<f> 

and the elimination of <f> between these two equations gives 






m 1 



7/1 " " ' //I 

i.e. 



8 
9 



- (7W7>lg ~ 27/ij — m^) <^" 

2m,^» 

^* 

the expression for ^^ from the cubic in ^ 



— {m^ — mm' + 21/1,7/1^ — m) <^ 
+ (27?i, + TWj' — mm^ — TuJ ^* 
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Now this last expression can be nothing else than the cubic 
in ^ itself, else ^ would have two different sets of constants in the 
form (k), which is absurd, as these constants, from the mode in 
which they are determined, can have but single values. Thus we 
have, by comparing coeflficients, 

m^' = 2m^ + m' - mm^ — m^ \ 

m^m^ = m® — mm^' + 27n^m^ — my , 

mm^ = m'm^ - mm^m^ + m^ ) 

The first gives 
by the help of which the second and third each become 

The value 

m = 

is to be rejected, as otherwise we should have been working with 
non-existent terms ; and m, as the ratio of the volumes of two 
tetrahedra, is positive, so that finally 

m— 1, 

and the cubic for a rotational strain is, therefore, 

^' - Wa<^" + m,*^ -1=0, 
or (^-l){<^« + (l-m,)^ + l} = 0, 

where m^ is left undetermined. 

By comparison with the result of (vii.) we see that in the 
notation there employed 

m, = -^(aa' + j8)8' + 77'). 

The student will perhaps here require to be reminded that 
in the section just referred to we employed the positive sign in 
operators such as ^ + ^. In the one case the coefficients in the 
cubic are all positive, in the other they are alternately posi- 
tive and negative. The example we have given is a particularly 
valuable one, as it gives a glimpse of the extent to which the 
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separation of symbols can be safely carried in dealing witli these 
questions. 

Def. a simple shear is a homogeneons strain in which all 
planes parallel to a fixed plane are displaced in the same direction 
parallel to that plane, and therefore through spaces proportional 
to their distances from that plana 

Let a be normal to the plane, fi the direction of displacement, 
the former being considered as an unit- vector, aud the tensor of 
the latter being the displacement of points at unit distance from 
the plane. 

We obviously have, by the definition. 

Sap = 0. 

Now if p be the vector of any point, drawn from an origin in 
the fixed plane, the distance of the point from the plane is 

— Sap, 

Hence, if o- be the vector of the point after the shear, 

a' = tl>p = p-' pSap, 

This gives 

<f>P = p- aSPp, 

which may be written as 

= p-Tp,aS,UPp, 

SO that the conjugate of a simple shear is another simple shear 
equal to the former. But the direction of displacement in each 
shear is perpendicular to the unaltered planes in the other. 

The equation for <fi is easily found (by calculating m, m^, m, 
from (m), («)) to be 

<^'-3<^» + 3</»-l=0. 

Putting «^'<^ = i/r, we easily find (with h = Tp) 
Solving by the process lately described, we find 



(4l=|zi-)-.3.5V2,.. 
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If 5 = 2, this gives g^ = l, and the farther equation 

of which ^j = — 3 is a root, so that 

and ^j = 1 ± 2 J 2. 

We leave to the student the selection (by trial) of the proper 
root, and the formation of the complete expressions for the pure 
and rotational parts of the strain in this simple and yet very 
interesting case. 

As a simple example of the case in which two of the roots of 
the cubic are unreal, take the vector function when the strain is 
equivalent to a rotation $ about the unit vector a ; the others of 
the rectangular system being ^, y. 

Here we have, obviously, 

^a = a, 

<I>P = j8 cos fl + y sin ^, 

(jyy — y cos O-fismO, 
whence at once 

-ff^p^ aSap + ()S cos ^ + y sin 6) S^p + (y cos fl - ^ sin 6) Syp 

= (1 - cos 0) aSap — p cos 6 - Vap sin 6. 

Forming the quantities m, wi^, 7n^ as usual, we have 
</»»- (1 + 2 cos </>* + (1 + 2 cos 6) </» - 1 = 0, 
or (c^-l)(«^»-2cosec^ + l) = 0, 

or (<^ - 1) (c^ - cos e - 7-1 sin 0) (<^ - cos ^ + J^ sin 0) = 0. 

Now 

— (^ — 1) p = (1 - cos d) {aSap + p) - sin 6 Fap, 

-(^-costf-^-l sind)p = (l-cosd)ouSap + sin tf (p^-l - Vap), 

- (<^ - cos tf + J- 1 sin S) p a (1 - cos 0) aSap - sin tf (p ^-1 + Vap), 
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To detect the components which are destroyed by each of these 
factora separately, we have, by (ii.), for (<^ — 1), the vector 

(</»*- 2 cos d<^ + 1) p = - 2aSap (1 - cos 6) ; 

so that (<^ — 1) a = 0, 

which is, of course, true. Again 

(c^- l)(c^ - cos e- 7^ sin e)p= - sin tf (1 - €-«V^) (7ITa+ 1) Fop, 
which we leave to the student to verify. The imaginary directions 
which correspond to the unreal roots are thus, in this case, parallel 
to the Bivectora 

{a d= Jiri)Vap. 

Here, however, we reach notions which, though by no means 
difficult, cannot well be called elementary. 

A very curious case, whose special interest however is rather 
mathematical than physical, is presented by the assumptions 

for then <f>p = {P + y) Sap + (y + a) S^p + (a + )8) AS'yp 

= (a + /3 + y) aS' (a + ^ + y) p - (aSap + ^S^p + ySyp) 

= SSSSp + p, 

where 8 is a known unit vector. This function is obviously self- 
conjugate. Its cubic is 

which might easily have been seen from the facts that 

1st, <^8 = -28, 

2nd, <l>a — a, if SaS = 0. 

The case is but slightly altered when the signs of a', j8', y are 
changed. Then 

<^p = — SSSSp — p, 
and the cubic is 

^»-3<^-2 = (<^ + l)'(</»-2) = a 
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These are mere particular cases of extension parallel to the single 
axis 8. The general expression for such extension is obviously 

<l>p ~ p ~ eSSSpf 

and we have for its cubic 

(,^-l)'{^-(l+e)}=0. 

We will conclude our treatment of strains by solving the 
following problem : Find the conditions which must he satisfied hy 
a simple shear which is capable of reducing a given strain to a pure 
strain. 

Let ffi be the given strain, and let the shear be, as above, 

then the resultant strain is 

= <l> + pS.i>'a. 
Taking the conjugate and subtracting, we must have 
= !/.</,-. «^y = «^ - «^' + jSaS'. <^'a - i^'oaS'. j8 
= 2V.€-V.{V<l>'a/3\ 
so that the requisite conditions are contained in the sole equation 

This gives (1) S.I3€-=0, 

(2) S€l/a€ = = Sa<t>€. 
But (3) Sa^ = (by the conditions of a shear), 

so that xa= V. j8<^€. 

Again, (4) 2€" = ^S' . <^'a p€ = S.a<l> (fie) 

2x^ = S.p<l>€<l> (^e) = - m^€% 

or — ma=2F. j8~^<^e. 

Hence we may assume any vector perpendicular to c for j8, and 
a is immediately determined. 
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When two of the roots of the cubic in ^ are imaginary let us 
suppose the three roots to be 

Let p and y be such that 

^ ()3 + y V-i) = («, + «. n/=^) (/3 + y V^). 

Then it is obvious that, by changing throughout the sign of 
the imaginary quantity, we have 

These two equations, when expanded, unite in giving by 
equating the real and imaginary parts the values 

To find the values of a, fi, y we must, as before, operate on 
any vector by two of the factors of the cubic. 

As an example, take the very simple case 

tl>p = e Vip, 

Here it is easily seen by (m), («), that ?» = 0, w^ = + «', m^ = 0, 

so that ^' + c'<^ = 0, 

that is ^ (c^ + ej^) (^ -e^^) = 0. 

As operand take 

p = ix -{-jy + kz, 

then a\\r(<ti + ej^){<l>~ej^)p 

\\eV.{<l> + eJ^){ky-jz^pJ^) 
II {-jy -kz-^p) 

II*. 
Again 

^^ (% - j» + >/ - Ip) 
-jy -kz-hj -l{ky -jz) 

\\jy-^kz-J'^(J«-ky). 
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With a change of sign in the imaginary part, this will repre- 
sent 

•SO that p =jy + kzy 

y =jz - ki/. 

Thus, as the student will easily find by trial, fi and y form 
with a a rectangular system. But for all that the system of 
principal vectors of <^, viz. 

a,/3^yj^ri 

does not satisfy the conditions of rectangularity. In fiict we see 
by the above values of fi and y that 

It may be well to call the student's attention at this point to 
the fact that the tensors of these imaginary vectors vanish, for 

This gives a simple exaA^ple of the new and very curious 
modifications which our results undergo when we pass to Bi- 
vectors ; or, more generally, to Biqiiatemions, 

As a pendant to the last problem we may investigate the 
relation of two vector-functions whose successive application 
produces rotation merely. 

Here ^ = i/9(~' 

is such that by {w) 

Le.x'-y = X^"S 
or XX = 'AV = ^> 

since each of these functions is evidently self-conjugate. This 
shews that the pure pai-ts of the strains \ff and x are the same, 
which is the sole condition. 

One solution is^ obviously, 
T. Q. 14 
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i e. each of iihe two is itself a rotation ;' and a new proof that any 
number of successive rotations can be compounded into a single 
one may easily be given from this. 

But we may also suppose either of ij/, x» suppose the latter, 
to be self-conjugate, so that 

or f'A^xS 

which leads to previous results. 



Examples to Chapter X. 

1. If a, )8, y be a rectangular unit system 

aS'. Fai^a F/3<^)8 Vy<l>y = - mS, l3<l>'-'aS . )8 (c^ - <^>, 

and therefore vanishes if ^ be self-conjugate. State in words the 
theorem expressed by its vanishing. 

2. With the same supposition find the values of 

S F. Va<t>a . 7p<i>P and of %S . Fa<^a F)8<^^. 

Also of 2 . aSai^a. 

3. When are two simple shears commutative ? 

1 

4. Expand ^ in powers of ^, and reduce the result to 

three terms by the cubic in <^. 

5. Shew that ^T. 4>P<i>"p-^^^^PP V. p^p 

jj . p^p<p p 

= mVp<l>p. 

6. Why cannot we expand <l> in terms of <^°, <f>, <^"? 

7. Express Vp<t>p in tenns of p, <^p, <^'p, and from the result 
find the conditions that <f}p shall be parallel to p. 
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8. Given the coefficients of the cubic in <^, find those of the 
cubics in <^*, ^', <kc. ^". 

9. Prove 

(</» + m,)F.ac^'a=Fa<^'»a. 

10. Ifw= A, h, c shew that J/^ = may bo written as 



A, 


h, 


c 


a, 


B, 


c' 


a', 


h', 






or €^(in"^-)w = 0. 

11. Interpret the invariants m^ and m^ in connexion with 
Homogeneous Strain. 

12. The cubics in <^i/r and i/r<^ are the same. 

13. Find the unknown strains ^ and ;( from the equations 

«^ + X = '^j 

14. Shew that the value of F (<^a;(a + ^jS^jS + ^yxy) is the 
same, whatever rectangular unit system is denoted by a, /8, y. 

15. Find a system of simple shears whose successive applica- 
tion results in a pure strain. 

16. Shew that, if <^ be self-conjugate, and f, t) two vectors, 
the two following equations are consequences one of the other : — 

From either of them we obtain the equation : 
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17. Shew that in general any self-conjugate linear and vector 
function may be expressed in terms of two given ones, the 
expression involving terms of the second order. 

Shew also that we may write 

^ + « = a (or + a)' + 6 (or + a;) (o) + y) + c (o) + y)*, 

where a, b, c, a?, y, z are scalars, and m, o the given functions. 
What character of generality is necessary in w and o) ? How is 
the solution affected by non-self-conjugation in one or both? 

18. Solve the equations : 

(a) V.apP=r.ayP, 

(b) ap + pfi = y, 

(c) p + ap^ = aft 

(e) appp = papP. 



APPENDIX. 

We have thought it would be acceptable to many students 
if we should give as an Appendix a brief, and in some cases 
even a detailed, solution of the most important and most difficult 
of the Additional Examples. In doing so, we would add as 
a word of advice, that our solutions be employed simply for the 
purpose of comparison with those which shall occur to the student 
himself. 

Chap. II. 

Ex.4. If AB^a, BG=^p, AP = ma, AF = rn!a, BQ^mp, 
(fee; then 

AE=AP-\-xPQ = AF + x'Fg 

gives ma + a; {(1 - w) a + mp] = w'a + a;' {(1 - m') a + m'j8}, 

whence aj = wi', and PE = m!PQ* 

Ex. 6. ABCB is a quadrilateral; AB^a^ AC = P^ AD^y, 
AP = may BQ = m (^ ~ a), <kc. 

The condition PQ + ES=0 

gives (1 - m) a + m ()S - a) + (1 - m) (y - )S) - my = 0, 

or (l-2w)(a-j8 + y) = 0; 

an equation which is satisfied either when 1 - 2m = 0, or when 
a-)8 + y = 0. 

The former solution is Ex. 5; the latter gives ABCB a 
parallelogram. 
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Ex. 10. Let a, 5, c be the points in whicli the bisectors of 
the exterior angles at A, B, C meet the opposite sides. Let unit 
vectors along BO, CA, AB be a, )5, y; then with the usual nota- 
tion we have 

aa + 6)S + cy = (1). 

Now Aa = x{fi'\-y) = -hp + y (pp + cy) 

he 



gives 05 = 



6-0 



and ^^=53;^0^+r)- 

Similarly Bh = (y + a), 

he 
therefore -46 = P, (by 1), 

C — Oi 

. he 

Ae = = y. 

a- 6 ' 

Hence (6 — c)Aa+{c-' a) Ah-\-{a — h) Ac = 0, 

and also (6 - c) + (c - a) + (a - 6) = 0, 

therefore (Art. 13) a, 6, c are in a straight line. 

CoR. ha : ca :: h — a : c-a. 

Ex. 12. If the figure of Ex. 11, Art. 23, be supposed to re- 
present a parallelepiped; then, with the notation of that example, 

the vector from to the middle point of OG is ^ (a + j8 + 8), 

which is the same as the vector to the middle point of AF^ viz. 

a + J(^ + S-a), 
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Ex. 13. With the figure and notation of Art. 31, the former 
part of the enunciation is proved by the equation 

a + ^ + y _ 1 / g + j8 + y a + i8 )9 + y y + a \ 
I ~ i V 3 ■*■ ~3~ "^ "T~ ■*" ~3" J • 

Also, if the edges AB, BO, GA be bisected in c, a, b, the mean 
point of the tetrahedron Oabc is evidently 

l/a + ^ , P-^y , y + tt\ 

iV 2~^~2" ■*■ 2 y' 

which proves the latter part of the enunciation. 

Ex. 14. Here we have to do with nothing but the triangles 
on each side of OJD. 

TO = xOB:^TQ-OQ = yQP-OQ 

1 



giTes X — 



pq-^l' 



Similarly, if OS=a\ SB=p'a\ BR^^\ RD^q'p^i 

rO^x'OD 

1 
gives X = 



pq-\ 

1 7H 

But the data are - = —,,« = mq'\ hence 

q jo 

pq^p'q', and x = x'; 

therefore 5^ coincides with T, 

Ex. 15. If ^5 = a, AC==I3, MN'=pa, FQ=-qP, FS^rffi-a), 
we shall have, by making -40 = AF + FO = AJR + HO, 

(l.^)a + (l-^)^ = ra + (l-;?)(/3-a); 
therefore p + q + r = 2. 

Ex. 17. Let^-4 = a, RB=^ P, AF = ma, AD=pa + qP; then 

FD =pa + qfi — Wki, 
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and ES=- EP+PS=^ RQ + QS gives 

(1 + m) a + a; (pa + qP- ma) = (1 + m) )5 + y {pa + qP- m^), 

I +m 

whence x = , 

lit, 

and FS= (pa + q3) = AD. 



[Or thus : 



DQ = ma .'. 2ZS' = ^ ()S + «ia), 

^ 1 



QA=(l-'m)a; QIi = j^{p-\-l-ma), 



1 



2)^=^(^+1+ ma), 



1 



;SJi=UE'-DS=^a,] 

Chap. III. 

Ex. 5. Let ABO J) be the quadrilateral; DA, LB, DC, a, /S, y 
respectively. 

Now ^(y_a)+(y-a)^ = y(^-a) + (^-a)y 

+ a(y-^)+(y-/5)a. 

Taking scalars, and applying 22. 3, there results, 
^^(y-a)=.S'y08-a) + >^a(y-^), 

which is the proposition. 

Ex. 6. If a, p, y be the vectors OA, OB, 00 corresponding 
to the edges a,h, c\ we have 

7{0A.0B)=V {a-y){P-^y) 
= r{aP + ^y+ya) 
= ahk + 6a + ca/, 
the negative square of which is the proposition given. 
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Ex. 7. If Sa{P-y) = and SP{a-y) = 0, then, hj sub- 
traction, will Sy (a — p) = 0. 

Ex. 8. If a« = (/3-y)*, ^ = {y-ay, 7" = (a-)3)»; then will 

for these are the same equations in another form; and they prove 
that the corresponding vectors are at right angles to one another, 

Ex. 9. If OA, OB, 00, OB are a, A 7, S; 

triangle i)^5 : BAG :: tetrahedron OBAB : OB AC 

:: 8a^l : AS'ayS 

:: triangle OAB : OAC, 

because the angles which S makes with the planes OAB, OAG are 
equal. 



Chap. IY. 

Ex. 1. Let be the middle point of the common perpendi- 
cular to the two given lines ; a, — a, the vectors from to those 
lines, unit vectors along which are p, y; p the vector to a point 
P in a line QR which joins the given lines; F being such that 
EP=mPQ ] therefore 

p + a - yy = m (a + 03)3 — p). 

Now since a is perpendicular to both ^ and y, the equation 
gives (1 + m)Sap = (wi — 1) a* ; a plane. 

Ex 2. Retaining what is necessary of the notation of the 
last example, let OS = 8. 

If FB perpendicular on y meet p in Q, we have 
— a + yy + RF = p, which gives yy' = Syp ; 
RQ = 2a + fiCjS — yy, which gives yy' = xSfiy ; 
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and >S'P»=c"PO' gives 

(p-S)> = c"(a+a;)3-p)" 

whicli being of the second degree in p shews that the locus is a 
surface of the second order. See Chap. VI. 

Ex. 3. The equation of the plane is 

Syp = a, 

which, being substituted in the equation of the surface, gives 
what is obviously the equation of a circle. 

Ex. 4. With the notation of Ex. 1, let S, S' be the perpen- 
diculars on the lines, 

then p+S = a + a;/J gives F)8S = -F)S(p-a), 

and the condition given may .be written 

.-. F«/3(p-a) = e»ry(p + a). 
Now (22. 9) 

whence p' - 2>^ap + a« + S'pp = 6'{p'+ 2Sap + a' + S'yp), 
a surface of the second order. 

Ex. 6. Sp {P + y) = c, a plane perpendicular to the line which 
bisects the angle which parallels to the given lines drawn through 
make with one another. 

Ex. 7, a, p the vectors to the given points Ay B, 

Syp = a, SSp = b 

the equations of the planes, y, 8 being unit vectors. 

xy, yB the vector perpendiculars from A on the planes, then 

X = /Say - a, y = SoS — b, 

.'. a: + y = AS'a(y + 8) -(a+6) (1). 
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Hence by the question 

or S{P-a)(y + S)=0 (2). 

Now equation (1) will give the sum of the perpendiculara on 
the planes from any other point in the line -4j5 by simply writing 
a + «()8 — a) in place of a; and from equation (2) this will pro- 
duce no change. 

Ex. 8. If j8' be the vector to C, equation (2) of the last 
example gives 

AS'()3-a)(y + 8) = 0, AS()8'-a)(y + S) = 0. 

Now the sum of the perpendiculars from any other point in 
the plane will be found from equation (1) by writing 

in place of a. Hence the proposition. 

Ex. 10. Tait's Quaternions, Art. 213. 

Ex. 11, Let a, p, 7, S be the vectors OA, OB, 00, 0D\ 
then (34. 5, Cor.) 

l^S. al3y.{Val3 + rfiy + ryay' 

^ abc (bci + caj + c^k) ., v 

" (abyT{bcy^lcay' ^ ^' 

Now 
triangle ABD : triangle ABO 

:: tetrahedron 0^1 ^Z> : tetrahedron 0-4^(7 
S. a^8 : S. a/Jy 
S . abijS : S . abcijk 

(aby : (aby -^ (bey + (cay 

(triangle AOBy : (triangle ABO)\ 

(Chap. III., Additional Ex. 6.) 
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Ex. 12. This is merely the equation 

with t eliminated by taking the product of Fap, VjSp, (See 55. 3.) 

Chap. V. 

Ex. 3. Let a, a' be the radii of the circles ; a, p the vectors 
from the centre of one of them to that of the other, and to the 
point whose locus is required ; then 

Tp T(p-a) 



a a' 



Ex. 7. This is the polar reciprocal of Ex. 3, Art. 40. 

Ex. 8. Let^ be the origin, AB = P^ -4(7 = y, the vector to 
the centre a : then 

= 2pSay - 2ySaP from the circle; 
.-. S.aY{AB.BG.GA) = 0. 

Ex. 9. Tait, Art. 222. 

Ex. 10. Tait, Art. 221. 

Ex. 11. Tait, Art. 223. 

Ex. 12. Tait, Art. 232. 

Chap. VI. 

Ex. 1. Let 8 be the vector to the given point, ir the vector to 
the point of bisection of a chord, )8 a vector parallel to the chord, 
all measured from the centre ; then 

S = TT + xP^ 

Sir<l)S = S7r<liir (48); 
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from whicli by making 

we get 'Sp^p = - /S'S^S, 

an ellipse wliose centre is at the point of bisection, of the* line 
which joins the given point with the centre of the given ellipse. 

Ex. 2. Let 26 be the shortest distance between the given 
lines ; Q their angle of inclination ; 2a the line of constant length ; 
then as in Ex. 2, Chap. IV., 

- 4a' = (2a ^x^- yy)\ 

2p = a:^ + yyi 
the former gives 

a:» + 2/'-2a;ycostf = 4(a*-6") (1), 

the latter 

which, since i^ + y, )8 — y are vectors bisecting the angles between 
the lines and therefore at right angles to one another, is an equa- 
tion of the form of that in Art. 55. 2 j whilst equation (1) satisfies 
the condition 

(x + yy + m{x— 1/)' = c, 

which is requisite for an ellipse. 

Ex. 3. Let a be a vector semi-diameter, parallel to a chord 
through ; 8 the vector to : then 

p = S-hxa 

gives ^8^8 + 2xSS<l>a + a'/Sa^ = 1 , 

which, since /Sa^a = 1, 

shews that the product of the two values of x is constant ; hence 
the rectangle hj the segments of the chord varies as a% which is 
the proposition. 
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Ex. 4. With the usual notation, let CE, CE' be semi- 
diameters parallel to DP, B'P, and let their vectors be m (o — )8), 
n (a + j8) ; then since P, Z), E, E' are points in the ellipse, 

.'. 2m* =1. Similarly 2n* = 1, m = 7i, 
and BF : D'P :: T{a-P) : T{a^p) 

: C^ : C^'. 
Cob. Since m = -,^, CE : DP :: I : ^2. 

Ex. 5. Put wa', np' in place of a, p in equation (1), Art. 43. 

Ex. 6, 7. With everything as in Ex. 4, CJS', CE' being now 
semi-diameters in the direction of diagonals of the parallelogram, 

SCE<I>CE' = ^ S{a-p)<l,{a + p) 

= 0; 
hence CE, CE' are conjugate. 

Ex. 8. /S' (a + )8) <^ (a + )8) = 2 gives an ellipse, whose equation 
is 

Sp<l/p = 1, where <^' = ? ; 

hence the diameters of the locus are to those of the given ellipse 

:: V2 : 1. 

Ex. 9. If y be a unit vector to which the lines are parallel, 
p, p' points in which the lines cut the ellipse, 

p = ai + 7Wy, p* = hj-¥ny, 

and Sp<l>p = l gives 



Similarly 2hSjf^y + nSy<fiy 



^aSiffiy + mSyKJiy = 0| ,- . 

2bSj6y + nSy6y = 0) "^^' 
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Kow >Sp<f>p = an Si(l>y + hmSj<fiy + mnSyjrf 

= 0, by equations (1) ; 

.*. p, p' are conjugate. , 

Cor. The same demonstration applies when the diameters 
from whose extremities parallels are drawn, are any conjugate 
diameters whatever, i, j being parallel to those diameters. 

Ex. 10. Let (7P, CP' be any two semi-diameters, their vec- 
tors being a, a'; PQ the semi-ordinate to CP' y CQ = na' ; then 

gives S{a — no!) <^a = 0, 

.'. n = Sa<l>a, . 

Now the area of the triangle QGP is proportional to 

V{CP.GQ), 
i. e. to n Yaa or to 

Sa<fia\ Faa', 

which, being symmetrical in a, a', proves the proposition. 

Ex. 11. If the tangent at P' meet CP produced in T, 

CT=ma; 
then, since P'T is perpendicular to <t>a\ 

1 

/ja<pa 

and area P'CT is proportional to V (CP' . CT), i. e. to -^-j--, , 
which is symmetrical in a, a. 

Ex. 12. Let a, P be the vector semi-diameters of the larger 
ellipse ; C the centre ; the ceatre of the smaller ellipse, whose 
equation is 

Sp<f>p = c, 
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y a vector along FQR ; then 



^ (^^ + *v) ^ (^2 "^ *^) ° " 



and since CQ = a + ^8 + ay, 

>^ (C7(2<^y) = ; 
hence FR is conjugate to (7^, and therefore bisected at Q. 

Ex. 13. This is simply a combination of 49. 2 and 49. 1. 

Chap. VIL 

Ex. 3. The equation of the circle is 

/ ay 9 , 

trhicli by 52. 1 gives 

(o•-;5ap)'-o•^ap=Aa^ 

CI ^ 

which (52. 11) is the proposition. ^ 

Ex. 5. If be the centre of the circle, Q a, point at which it 
meets the tangent at A ; then, with the notation of 55. 1, 

i.e. «'-«y + ^=0, 
4 

^h gives two equal values of z ; hence the proposition. 
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Ex. 6. With any point as origin, let )3, y be the vectors to 
the two given points, tt the vector to the focus of one of the 
parabolas. Write aa in place of a in equation (1), Art. 52, o 
being a unit vector ; 

then -()8-7r)' = {a + ^a()g-7r)}' (1) 

whence, by subtraction, 

which gives a by a simple equation in tt; and then equation (1) 
becomes a quadratic in v. 

Ex, 8. If two tangents meet at T^ it is easy, as in Ex. 5, 
Art. 55, with the notation available for the focus, to find 

4a 2 

4a 2 '^ 

and S{ST, ST') = will follow at once, from the fact that 

yy' + 4a»=0. 

Ex. 9. Let P be the point of contact, PQ the chord, TFF the 
line parallel to the axis cutting the curve in -^' ; F the origin ; 

EpJ^a + tp, FT=-^a, 

Jit ii 



whence 



X 


-yiA -r 


n 2 


— 1* T 


V' - " y 


Z 


I 


, 2/ = - 


2' 




• 
• • 


PF : 


FQ :: 


t : 


t' 






• • 


t' 

• 

2 • 


tt: 

2 






• • 

• • 


TF 


: EF. 



Ex. 10. This is evident from equation (1), Art. 52. 
T. Q. 1^5 
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Ex. 11. With the notation of Art 52, let 

,\ a;'(a-2p)=o + 8, 
0/ (a» - 2Sap) = a\ 

But p, —xp being vectors to the parabola, equation (1), Art. 
52, gives 

a^ (o« - ^ap)' = (a« + xSapf, 

. •. a; (a' - Sap) = a* + sc/^ap, 

X (a» - 2A^ap) = a", 

• • •*/ ^ 97 , 

and the proposition is true (Euc. VI. 2). 
Ex. U. Tait, Art. 43, Cor. 2. 

Ex. 15. 

CP= at-\'- gives C^= 2a«, 

(7G = 2a< + a;j3= a«'+ I = 2a« + ^, 

so that the equation of RQPR is 

whence for R and R the values of a; are 2 and — 1 j therefore 

CJi=3at, CR = l§, 

Z t 
Jt O 
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Ex. 16. If CB = aa; a + ?w)8, a-mfi vectors parallel to the 
given conjugate diameters, 

CP =aa + x(aL + mP) = a^ + — , 

t 

CD = aa + a' (a - m/S) =at'- ^ , 

t 

give t^t'; therefore CP, CD are conjugate. 

Ex. 18. Adopting the figui'e and notation of Ex. 2 of the 
hyperbola, Art. 55, we have 

t 
therefore QE = {X- T) fta - ^\ , 

and rQ,QR= (X' - F') (t^-^ 

= P0», since X«-r«=l. 

As an example of combining not merely the forms but the 
results of the Cartesian Geometry with Quaternions, we will add 
one more example. 

If OP, CD; CF, Cn he two pairs of conjugate semi-diameters 
of an ellipse, PD' will be parallel to P^B. 

Let CP, CP be denoted, as in Art. 55. 2, hj xa-hyP, a5a+ y'j8 
respectively; then CD, CD' will be represented by 

with the conditions 

ay + 6V = aV, ay» + 6V'=a'6' (1). 



Now vector iyF = (x + -;i/)a+ (y — x')^. 



16—2 
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i)P'=(«' + |y)a+(y'-|a;)/3. 



But equations (1) give, by subtraction, 

a , b , , a , h 

b^ ^ a b^ ^ a 

therefore D'P is a multiple of DP^ and consequently parallel to it. 
Cor. PD' : FD : : ay' -hbx : ay ^ bx. 

Chap. VIII. 

Ex. 1. With the notation of Additional Ex. 1, Chap. IV., 
the perpendiculars are 

p^a-xP, p + a-yy, 

so that Spp = x^^y Syp = y/; 

and by the question, 

{p-a- p-'SM = e' (p + a - y-'Syp)', 

a surface of the second order in p. 

Ex. 3. The equations Sp<lip= 1, Sirff>p= 1, with the condition 
7r = x<l>p, give 

1 _ tt' 

-j/Stt*^ V=1, — = 1 respectively, 

XT X 

therefore aStt*^" V = tt*, 

whence the Cartesian equation. 

Ex. 4. If a, ^, y are the vector radii, 

Sa4>a_ (SiUay (SjUaY (SkUaf 

&c. = &c. 

Adding and observing that Sa<lia= 1, &c., there results 
1 1 1111 



-I. . - J. ::^ J. _. J. — 

/^o\i /nrt^.\s ..a Jv« ..a * 



(7'u/ (773)» (TV)' «' b' c 
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Ex. 5. As in Ex. 8, Art. 64, 

and if vector OQ^ = x4>a, the ellipsoid gives 

_ (Siay (Sjay (SkaY 
a' b^ c^ ' 

and, since 

{Siay + (Si/3y + (Siyy = a* 

(Ex. 7, Art. 64), the result required is obtained by simply 
adding. 

Ex. 6. Let pk be the vector distance from the origin, of the 
plane parallel to ary, tt a point in it; then Sk{'7r-pk) = gives. 
S-n-k = const. 

Now SpKJiTT = 1 is the equation of the plane of contact, and if 
zk be the point in which this plane cuts the axis of z, zSkKfiir = 1, 
i. e. zSiTfjik = 1, gives z. 

Now Kjik is a multiple of k, and since Sirk is constant, z is 
constant. 

Ex. 7. The equations of the ellipsoids 

Sp<l>p = l, S(p-a)<l}{p-a) = l, 
give /Spc^a = const, as the plane of contact. 

Ex. 8. If pa be the vector to the point in the line OA ; the 
equation of its polar plane is Spa<l>p = 1 ; and the square of the 
reciprocal of the perpendicular from the centre on this plane is 
-^*(<^a)^ Hence the conclusion by Ex. 8, Art. 64. 

Ex. 9. Let p be the vector to jP ; ^ Pt y vector radii parallel 
to the chords ; then 

p-hxa, p^yp, p-^zyy 
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will be the Teetors to A^ B, C ; and smce P, J, i?, (7 are 
points in the ellipsoid 

SfHt>p=l, 2Sp<f>a-\-x = 0, 2^fM^j8 + y = 0, 

2SfHfiy + Zz=0. 
The equation of the plane ABC is (34. 5} 

S.{7r-p) {xyaP + yz^y + zxya) = a:ys<S^ . a^Sy, 
and since a, )3, y are at right angles to one another, 

therefore the equation of the plane ABC becomes 

^ . _ V / 1 y 1 ^_ J_ P \_cy 

which is satisfied by 

IT — p = m<l}p, 

where 

and therefore Ex. 4 above gives 

2 

Chap. IX. 
Ex. 2 and 3. Employ formula 11. 
Ex. 5. Since 

formulae 4 and 6 give the required result. 

Ex. 6. Apply formula 10 to Ex. 5. 

Ex. 8. (a^y)' = a^y . a^y = a^y (S.a/Sy + V. a)8y) 

= a)8y(AS^.a^y + F.y^a) 
= a)8y (y)8a + 2S . a)8y) 
= a»^V+2a)8y^.aiSEy. 
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Ex. 9. Formula 10 gives the vector of the product of three 
vectors o, )8, y, under the form a - ^' + y where a! = cuSJ^y, &c. 

Hence the required scalar may be written 

and as the scalar part of this product is that which involves all of 
the three vectors a , ^, y we have exactly as in the demonstrar 
tion of formula 5, 

AS'(Fa^yF)37aFya^) 
= S. a', -^, i 

a, p, -y 

= 4AS'.a'^y'. 

10. The scalar part, by formula 16, is reduced to 
8o.hS^y - SaySp:^ - SohS^y + SofiSyl + SayS^y - Sa^Syl, 
which is identically 0. 

The vector part, by formula 12, is 

aS , y8l3 - pS .ySa + aS .B/Sy-yS . S^a + ouS , pyS-SS . pya, 
which, by formula 13, reduces to 

2aS. pyS. 

12. If, for brevity, we denote S, a)3y, F. a^y respectively by 
S and F, we have, by formula 7, 

2a»)8V + a« (pyY + )8« (ay)» + / (a)8)« - (a)3y)« 

= 2a)3y . yjSa + ^ya . a^y + ay)3 . ^ay + a^y . ya)8 - (a)3y)' 

= 2(AS'+F)(-^+F) + (AS-F+2a>^^y)(^+F) 
+ (_ ^ - 7+ 2a^^y) (- aS - F+ 2yAyaj8) 

+ (aS^H- F)(aS- F+ 2y;^a)8) - (aS'+ F)" 
= iaySa^SPy. 

The student is recommended to verify a few examples such as 
the above, by putting 

a = t, P==ai + i>j+ck, y^a'i-^h'j + c'k, 
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with the conditions 

a' + 6" + c» = l, a'« + 6" + c'" = l. 

The quaternion equality will then reduce itself to four alge- 
braic equalities^ one of which is obvious, and the others are 

;?■ + r* - a" - a' + 2aa'm = 0, 
pq-mr + a'c' + ac- 2ac'm = 0, 
qr + rap + a'b' + ah — 2ab'm = 0, 
where m = aa' + bb' + cc', p^ah' ^ a'h\ 

q = hc' — h'c, r=^ca' - c'a, 

Ex. 13. 

Ex. 14. By 34. 8, we have 

a S.Spy BCD 
d" S .aPy~ ^ ABC ' 

therefore the same Article gives 

^a.BCD^p,CDA^y.DAB:^h.ABG = 0', 
and since the scalar of the product of this vector by the vector 
perpendicular to the plane in which -4, B, (7, D lie gives the right- 
hand side of Ex. 13, we obtain 

a.BCD-p.CDA + y.DAB-h,ABG = Q. 
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Pirie.— LESSONS ON RIGID DYNAMICS. By the Rev. G. 
PiRiE, M.A., Fellow and Tutor of Queen's College, Cambridge. 
Crown 8vo. 6j. 

Puckle.— AN ELEMENTARY TREATISE ON CONIC SEC 
TIONS AND ALGEBRAIC GEOMETRY. With numerous 
Examples and Hints for their Solution. By G. Hale Puckle, 
M.A. Fourth Edition, enlarged. Crown 8vo. 7j. td, 

Rayleigh.— THE THEORY OF SOUND. By Lord Rayi.eigh. 
F.R.S., formerly Fellow of Trinity Collie, Cambridge. 8vo, 
Vol. I. I2J. dd, \ Vol. II. I2J, dd. [Vol. III. in preparation, 

Reuleaux.— THE kinematics of machinery. Out- 
lines of a Theory of Machines. By Professor F. Reuleaux. 
Translated and edited by A. B. W. Kennedy, C.E., Professor of 
Civil and Mechanical Engineering, Universi^ College, London. 
With 450 Illustrations. Royal 8vo. 2IJ. 

Rice —Johnson. — DIFFERENTIAL CALCULUS, AN 
ELEMENTARY TREATISE ON THE, founded on the 
Method of Rates or Fluxions. By John Minot Rice, Professor 
of Mathematics in the United States Navy, and William 
WooLSEY Johnson, Professor of Mathematics at the United 
States Naval Academy. Third Edition, Revised and Corrected. 
Demy 8vo. ids. Abridged Edition. 8j. 

Robinson.— MARINE SURVEYING, AN ELEMENTARY 
TREATISE ON. Prepared for the use of younger Naval 
Officers. With Questions for Examinations and Exercises 
principally from the papers of the Royal Naval College with re- 
sults. By Rev. John L. Robinson, Chaplain and Instructor to 
the Royal Naval College, Greenwich. With Illustrations. 
Crown 8vo. 7^. dd. 
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Routh. — Works by Kdward JOHN RoTTTH, M.A,, 'F.R.S., late 
Fdk)w asd Ae^tant Tutor of St Peter's CoUcse^ Cambridge ; 
sometime Examiner in the University of London ; — 

AN ELEMENTARY TREATISE ON THE DYNAMICS OF 
THE SYSTEM OF RIGID BODIES. With numerous 
Examples. Fourth Edition, enlarged. Two Yols. ^a. 
Vol. I. The Elementary Parts. 14;. 
Vol. II. The Higher Parts. \In the press, 

STABILITY OF A GIVEN STATE OF MOTION, PARTI- 
CULARLY STEADY MOTION. The Adams' Prize Essay for 
1877. 8vo. &. 6y. 

Smith.— AN ELEMENTARY TREATISE ON CONIC SEC- 
TIONS. By Charles Smith, M.A., Fellow and Tutw of 
Sidney Sussex College, Cambridge. Second Edition. Crown 8vo. 

Tait and Steele.— dynamics OF A particle. With 

numerous Examples. By Professor Tait and Mr. Steele. Fourth 
Edition, revised. Crown 8vo. I2x. 

Thomson.— PAPERS ON ELECTROSTATICS AND MAG- 
NETISM. By Professor Sir William Thomson, F.R.S. 
8vo. i8j. 

Thomson— ON THE MOTION OF VORTEX RINGS. An 
Essay to which the Adams Prize w*a» adjndg^ in 1882 in the 
University of Cambridge. By J. J. Thomson, M.A., Fellow and 
Assistant-Lecturer of Trinity College, Cambridge. With Diagrams. 
Demy Svo. 6s. 

Todhunter. — Works by L Todhunter, M.A., F.R.S., of 

St. John's College, Cambridge i — 

**Mr, Todhunter is chiefly known to students of mathematics as the 
author oj a series of admirable mathemoHcal text-b$okSy which 
possess the rare qualities of bnn^ clear in style and ahsolutdy free 
from mistakes f typographical or other^ — Saturday Review. 

A TREATISE ON SPHERICAL TRIGONOMETRY. New 
Edition, enlarged. Crown Svo. \s. 6d, 

PLANE CO-ORDINATE GEOMETRY, as applied to the Straight 
Line and the Conic Sections. With numerous Examples. New 
Edition. Crown Svo. 7j. (ui, 

A TREATISE ON THE DIFFERENTIAL CALCULUS. 
With numerous Examples. New Edition. Crown 8v<o. lOr. 6d, 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS. With numerous Examples. New Edition, 
revised and enlarged. Crown Svo. lOf. 6«^. 
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TodkLMtitAt—conUMued. 

EXAMPLES OF ANALYTICAL GEO»rETRy OF THREE 
DIMENSIONS. New Edition, revised. Crown 8vo. cloih. 4r. 

A TREATISE ON ANALYTICAL STATICS. With numerous 
Examples. New Edition, revised and enlarged. Crown 8vo. 
doth. lor. 6^. 

A HISTORY OF THE MATHEMATICAL THEORY OF 
PROBABILITY, from the Time of Pascal to that of Lapkce. 
8vo. iSj. 

AN ELEMENTARY TREATISE ON LAPLACE'S, LAME'S. 
AND BESSEL'S FUNCTIONS. Crown 8vo. lO/. (>d, 

WUson (W. P.).— A TREATISE ON DYNAMICS. By 
W. P. Wilson, M.A., Fellow of St. John's College, Cambridge, 
and Professor of Mathematics in Queen's College, Belfast. 8vo. 
9^. td, 

Wolstenholme. — MATHEMATICAL PROBLEMS, on Sub- 
jects included in the First and Second Divisions of the Schedule 
of Subjects for the Cambridge Mathematical Tripos Examination. 
Devised and arranged by Joseph Wolstenholme, late Fellow 
of Christ's College, sometime Fellow of St. John's College, and 
Professor of Mathematics in the Royal Indian Ei^ineering CoUc^. 
New Edition, greatly enlarged. 8vo. l8x. 

WOOLWICH MATHEMATICAL PAPERS FOR ADMISSION 
INTO THE ROYAL MILITARY ACADEMY FOR THE 
YEARS 1880—1883 INCLUSIVE. Crown 8vo. y. 6d, 

Young.— SIMPLE PRACTICAL METHODS OF CALCU- 
LATING STRAINS ON GIRDERS, ARCHES, A^D 
TRUSSES. With a Supplementary Essay on Economy in suspen- 
sion Bridges. By K W. Young, Associate of King's College, 
London, and Member of the Institution of Civil Engineers. 8vo. 
7j. 6d. 
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Airy (G. B.).— POPULAR ASTRONOMY. With Hhistrations. 
By Sir G. B. Airy, K.C.B., late Astronomer Royal. New Edi- 
tion. Fcap^ 8vo. 4f. 6d, 

Allen.— THE COLOURS OF FLOWERS, AS ILLUSTRATED 
IN THE BRITISH FLORA. By Grant Allen. With 
Illustrations. Crown 8vo. 3^. 6d, [Nature Series. 

Balfour.— A treatise on comparative embry- 

OLOGY, By F. M. Balfour, M.A., F.R.S., FcUow and 
Lecturer of Trinity College, Cambridge. With Illustrations. In 
Two Volumes. 8vo. Vol. I. i8j. Vol. II. 2is, 
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Bastian. — ^Works by H. Charlton Bastian, M.D., F.R.S., 
Professor of Pathological Anatomy in University College, London, 
&c.: — 

THE BEGINNINGS OF LIFE : Being some Account of the Nature, 
Modes of Origin, and Transformations of Lower Organisms. In 
Two Volumes. With upwards of lOO Illustrations. Crown 8vo. 2%s. 

EVOLUTION AND THE ORIGIN OF LIFE. Cr. 8vo. 6j. dd, 

Bett any.— FIRST LESSONS IN PRACTICAL BOTANY. 
By G. T. Bettany, M.A., B.Sc., F.R.S., Lecturer on Botany 
in Guy's Hospital Medical SchooL i8mo. u. 

Blake.— ASTRONOMICAL MYTHS. Based on Flammarion's 
"The Heavens." By John F. Blake. With numerous Illustra- 
tions. Crown 8vo. 9j. 

Blanford (H. F.).— -rudiments of physical geo- 
graphy FOR THE USE OF INDIAN SCHOOLS. By 
H. F. Blanford, F.G.S. With numerous Illustrations and 
Glossary of Technical Terms employed. New Edition. Globe 
8vo. 2x. td, 

Blanford (W. T.).— geology and zoology of 

ABYSSINIA. By W. T. Blanford. 8vo. 2Ij. 

Brodie. — ideal chemistry, a LECTURK hy Sir B. 
C. Brodie, Bart., D.C.L., F.R.S., Professor of Chemistry in 
the University of Oxford Crown 8vo. 2j, 

Brunton. — Works by T. Lauder Brunton, M.D., F.R.C.P., 
F.R.S., Assistant Physician and Lecturer on Materia Medica and 
Therapeutics at St. Bartholomew's Hospital. 

PHARMACOLOGY AND THERAPEUTICS ; or Medicine Past 
and Present The Goulstonian Lectures delivered before the 
Royal College of Physicians in 187 1. Crown 8vo. 6j. 

TABLES OF MATERIA MEDICA : A Companion to the Materia 
Medica Museum. New Edition. 8vo» lor. td, 

THE BIBLE AND SCIENCE. Illustrated. Cr. 8vo. lox. dd, 

Bosanquet— AN elementary treatise on musical 

INTERVALS AND TEMPERAMENT. With an Account of 
an Enharmonic Harmonium exhibited in the Loan Collection of 
Scientific Instruments, South Kensington, 1876 ; also of an Enhar- 
monic Organ exhibited to the Musical Association of London, 
May, 1875. By R. H. Bosanquet, Fellow of St. John's College, 
Oxford. 8vo. dr. 
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Challenger. — Report on the Scientific Results on the Voyage of 
H.M.S. "Challenger," during the Years 1873-76. Under the 
command of Captain Sir Georgb Nares, R.N., F.R.S., and 
Captain Frank Turle Thomson, R.N. Prepared under the 
Superintendence of Sir C. Wyville Thomson, Knt,F.R.S., &c. 
Regius Professor of Natural History in the University of Edin- 
burgh ; Director of the Civiliain Scientific Staff on board ; and 
nowof John Murray, F.R.S.E. With Illustrations. Published 
by order of Her Majesty's Government 

Volume I. Zoology. Royal. 37J. 6cl, Or, 

Part. I. Report on the Brachiopoda, 2x. 6d, 

II. Report on the Pennatulida, 41. 

III. Report on the Ostracoda, i$s. 

IV. Report on the Bones of Cetacea, 2j. 

V. The Development of the Green Turtle, 4r. 61, 
VI. Report on the Shore Fishes, los. 

Volume IL Zoology. Royal. 5ar. Or, 
Part VII. Report on the Corals. 15J. 
VIII. Report on the Birds. 35^. 

Volume III. Zoology. 50J. Or, 
Part IX. Report on the Echinoidea. 3df. 
X. Report on the Pycnogonida. i^. 

Volume IV. Zoology. 50J. Or, 

Part XI. Report on the Anatomy of the Tubinares. 6s. 
XII. Report on the Deep-sea Medusae. 20s, 
XIII. Report on the Holdthurioidea. (Part I.) 24^. 

Volume V. Zoology. 50J. Or, 

Part XIV. Report on the Ophiuroidea. 

XVI. Some Points in the Anatomy of the Thylacine, Curcu?, 
and Phascogale, with an Account ojf the Compara- 
tive Anatomy of the Intrinsic Muscles and Nerves of 
the Mammalian Pes. 

Volume VI. Zoology. 42J. Or, 
Part XV. Report on the Actiniaria. lis. 
XVII. Report on the Tunicata. 30*. 

Volume VII. Zoology. With Illustrations. Royal 8vo. 30J. Or, 

Part XVIII. Report on the Anatomy of the Spheniscidse. i^. 6d. 

XIX. Report on the Pelagic Hemiptera. 3J. 6d, 

XX. Report on the Hydroida (First Part). The Plumu- 

laridae. gs, 

XXI. Report on the Specimens of the Genus Orbitolites. 4^. 

Narrative. Volume II. Royal. 30J. Or, 

Magnetical and Meteorological Observations. 25^. 

Appenduc A, Report on the Pressure Errors of the Challenger 

Thermometers. 2s, 6d, 
Appendix B. Report on the Petrology of St. PauVs Rocks. 2s, 6d, 
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Clcland.— EVOLUTION, expression and sensation, 

CELL LIFE AND PATHOLOGY. By JOHH Cixlkhx^ li.D., 
F.R.S., Professor of Anatomy in die Univenity of Gbngow. 
Crown 8vo. 5j. 

Clifford.— seeing and thinking Byflre late Professor W. 
K. Clifford, F.R.S. With Diagrams. Crown 8vo. 3X. 6d. 

[Nature Shies, 

Coal : ITS HISTORY AND ITS USES. By Professors Gmkn, 
MiALL, Thorpe, Rucker, and Marshall, of the Yorkshire 
College, Leeds. With Illustrations. 8vo. I2s^ 6d, 

Cooke (Josiah P., Jun.).— Works by JosiAH p. Cooke, 
Jun., Ervine Professor of Chemistry and Mineralogy in Harvard 
College. 

FIRST PRINCIPLES OF CHEMICAL PHILOSOPHY. New 
Edition, revised and corrected. Demy 8vo. i6s. 

RELIGION AND CHEMISTRY. A Re-statsement of an Old 
Argument. Crown 8vo. 'js, 6d, 

SCIENTIFIC CULTURE AND OTHER ESSAYS, Royal 
i6mo. 4r. 

Crossley.— HANDBOOK OF DOUBLE STARS, WITH A 
CATALOGUE OF 1,200 DOUBLE STARS AND EXTEN- 
SIVE LISTS OF MEASURES FOR THE USE OF AMA- 
TEURS. By E. Crossley, F.R.A.S., T. Qledhill, F.R.A.S., 
and J. M. Wilson, F.R.A.S. With Ilhistrations. 8vo. 21s, 

CORRECTIONS TO THE HANDBOOK OF DOUBLE 
STARS. 8vo. IS. 

Dawkins, — Works by W. Boyd Dawkins, F.R.S., &c.. Pro- 
fessor of Geology and Palaeontology at Owens Coll^^e, Manchester, 
Hon. Fellow of Jesus College, Oxford. 

CAVE-HUNTING : Researches, on the Evidence of Caves respect- 
ing the Early Inhabitants of Europe. With Coloured Plate and 
Woodcuts. 8vo. 21S. 

EARLY MAN IN BRITAIN, AND HIS PLACE IN THE 
TERTIARY PERIOD. With lUustrations. 8vo, 25^. 

Dawson (J. W.).— ACADIAN geology. The Geologic 
Structure, Organic Remains, and Mineral Resources of Nova 
Scotia, New Brunswick, and Prince Edward Island. By John 
William Dawson, M,A., LL.D., F.R.S., F.G.S., Prindpaland 
Vice-tlhancellor of M'Gill College and University, Montreal, &c. 
With a Geological Map and numerous Illustrations. Third Edition, 
with Supplement. 8vo. 21s. Supplement, separately, lr.6^. 
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Day.— ARITHMETIC OF ELECTRIC LIGHTING. By R. 
£. Day, M.A., Evening Lecturer in Experimental Physics at 
King's College, London. Fcap. 8vo. 2s, 

Fisher.— PHYSICS OF THE EARTH'S CRUST. By Rev. 
Osmond Fisher, Rector of Harlton, Hon. Fellow of King's 
Coll^[e, London, late Fellow and Tutor of Jesus College, Cam- 
bridge. 8vo. 12S, 

Fiske.— Works by John Fiske, M.A., LL.D., formerly Lecturer 
on Philosophy in Harvard University. 
DARWINISM ; AND OTHER ESSAYS. Crown 8vo. ys, U. 
EXCURSIONS OF AN EVOLUTIONIST. Crown 8vo. 7j. 6^. 

Fleischer.— A SYSTEM OF VOLUMETRIC ANALYSIS. 
By Dr. E. Fleischer. Translated from the Second German 
Edition by M. M. Pattison Muir, F.R.S.E., with Notes imd 
Additions. Illustrated. Crown 8vo. Is. td. 

Flower. — FASHION IN DEFORMITY, as Illustrated in the 
Customs oi Barbarous and Civilized Races. By William Henry 
Flower, LL.D., M.D., F.R.S., &c., Hunterian Professor ot 
Comparative Anatomy, and Conservator of the Museum of the 
Royal Cpllege of Surgeons of England. With numerous Ilhis- 
trations. Crown 8vo. zr, 6^ \Nature Series, 

Fliickiger and Hanbury.— pharmacographia. a 

History of the Principal Drugs of Vegetable Origin met with in 
Great Britain and India. By F. A. FlIjckiger, M.D., and 
D. Hanbury, F.R.S. Second Edition, revised, 8vo. 21 j. 

Forbes,— THE TRANSIT OF VENUS. By George Forbes, 
B.A., Professor of Natural Philosophy in the Andersonian Univer- 
sity of Glasgow. With numerous Illustrations. Crown 8vo. 3^. dd, 

\Nature Series, 

Foster.— A TEXT-BOOK OF PHYSIOLOGY; By Michael 
Foster, M.D., F.R.S., Professor of Physiology in the University 
of Cambridge, and Fellow of Trmity College, Cambridge. With 
Illustrations. Fourth Edition, revised. 8vo. z\s, 

Foster and Balfour.— the elements of embry- 
ology. By Michael Foster, M.A., M.D., LL.D., F.R.S., 
Professor of Physiology in the University of Cambridge, Fellow 
of Trinity College, Cambridge, and the late Francis M. Balfour, 
M.A., LL.D., F.R.S., Fellow of Trinity College, Cambridge, 
and Professor of Animal Morphology in the University. Second 
Edition, revised. Edited by Adam Sedgwick, M.A., Fellow 
and Assistant Lecturer of Trinity College, Cambridge, and 
Walter Heape, Demonstrator in the Morphological Laboratory 
of the University of Cambridge. With Illustrations. Crown 8vo. 
ID J. dd. 
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Frankland,— AGRICULTURAL CHEMICAL ANALYSIS, 
a Handbook of. By Percy Faraday Frankland, Ph.D.» 
B.Sc.y F.C.S., Associate of the Royal School of Mines, and Agri- 
cultural Demonstrator of Practical Chemistry in the Normal School 
of Science and Royal School of Mines, South Kensington Museum. 
Founded upon ** Leitfaden fiir die Agricultur*Chemische Analyse," 
von Dr. F. Krocker. Crown 8vo. 7^. 6d, 

Gallovray. — Works by Robert L. Galloway, Mining Engineer. 

THE STEAM ENGINE AND ITS INVENTORS. A Historical 
Sketch. With numerous Illustrations. Crown 8yo. lor. de/. 

THE HISTORY OF COAL-MINING IN GREAT BRITAIN. 
Crown 8vo. 'js, 6d, 
Gait on. — Works by Francis Galton, F.R.S. 

METEOROGRAPHICA, or Methods of Mappin|r the Weather. 
Illustrated by upwardsof 600 Printed LithographicDiagrams. 4to. 9^. 

HEREDITARY GENIUS : An Inquiry into its Laws and Con- 
sequences. Demy 8vo. 12s, 
The Times calls ii **a most able and most interesHng hook** 

ENGLISH MEN OF SCIENCE; THEIR NATURE AND 
NURTURE. 8vo. &f. 6^. 
** The book is certainly one of very great interest,** — Nature. 

INQUIRIES INTO HUMAN FACULTY AND ITS 
DEVELOPMENT. With Illustrations and Coloured and Plain 
Plates. Demy 8vo. i6s, 

RECORD OF FAMILY FACULTIES, consisting of Tabular 
Forms and Directions for Entering Data. Wt:h an Explanatory 
Preface. Also containing an offer of Prizes to the amount of £^00. 
4to. 2s. dd, 

LIFE HISTORY ALBUM; containing Tabular Forms and 
Explanations. Prepared by Direction of the Collective Investio:a- 
tion Committee of the British Medical Association, and Edited by 
Francis Galton, F.R.S., Chairman of the Life History Sub- 
Committee. 4to. 3J. dd. ; or with Card of Wools for testing 
Colour Vision. 4J. 6^. 

Gamgee.— A textbook of the physiological 

CHEMISTRY OF THE ANIMAL BODY. By Arthur 
Gamgee, M.D., F.R.S., Professor of Physiology in Owens Collie, 
Manchester. With Illustrations. In Two Vols. Medium 8vo. 
Vol, L i8j. [ Vol, II in the Press. 

Geikie. — Works by Archibald Geikie, LL.D., F.R.S., 
Director General of the Geological Surveys of the United King- 
dom, late Murchison Professor of Geology and Mineralogy at 
Edinburgh. 
A TEXT- BOOK OF GEOLOGY. With Illustrations. Medium 
8vo. 281. 

•* // will certainly step into the foremost rank among our standard 
text-bjoks. " — ^Athenaeum. 
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Geikie — continued, 
GEOLOGICAL SKETCHES, AT HOME AND ABROAD. 
With Illustrations. 8vo. lor. td, 

ELEMENTARY LESSONS IN PHYSICAL GEOGRAPHY. 
With numerous Illustrations. Fcap. 8yo. 4;. 6d, Questions, \s. 6d, 

OUTLINES OF FIELD GEOLOGY. With Illustrations. Crown 
8vo. y. 6d. 

PRIMER OF GEOLOGY. Illustrated. i8mo. is. 

PRIMEROF PHYSICAL GEOGRAPHY. Illustrated. i8mo. is. 

Gladstone — Tribe. — the chemistry of the 

SECONDARY BATTERIES OF PLANTE AND FAURE. 
By J. H. Gladstone, Ph.D., F.R.S., and Alfred Tribe, 
F. Inst. C.E., Lecturer on Chemistry at Dnlwich Collie. Crown 
8vo. 2J. 6{i. [Nature Series. 

Gray.— STRUCTURAL BOTANY, OR ORGANOGRAPHY 
ON THE BASIS OF MORPHOLOGY. To which are added 
the principles of Taxonomy and Phjrtography, and a Glossary of 
Botanical Terms. By Asa Gray, LL.D , Fisher Professor ot 
Natural History (Botany) in Harvard University. With numerous 
Illustrations. 8vo« los. 6d. 

Green.— A SHORT GEOGRAPHY OF THE BRITISH 
ISLANDS. By John Richard Grben and Alice Stopford 
Grsen. With Maps. Fcap. 8vo. 31. 61. 

The Times says: — ** The method of the work, so far as real in- 
struction is concerned^ is nearly aU that could be desired. . . . 
Its great merits in eidditUm to its scientific arrangement and the 
attractive style so familiar to the readers of GreetCs * Short History * 
is that the facts are so presented as to compel the careful studetit to 
think for himself. .... The work may be read ivith pleasure 
and profit by anyone ; we trust that it will graducdly find its way 
into the higher forms of our schools. With this"' text-book as his 
guide, an intelligent teacher might make geography what it really 
is — one of the most interesting and widely -instfuc/ive studies,^* 

Grove.— A dictionary of music and musicians 

(a.d. 1450— 1883). By Eminent Writers, English and Foreign. 
With Illustrations. Edited by Sir GEORGE Grove, D.C.L, 
Director of the Royal College of Music. In 3 vols., 8vo. Parts 
I. to XIV. 3J. 6d. each. Parts XV., XVI. ^s. Parts XVII., 
XVIII. 7j. Vols. I. II and III. 21s. each. Vol L A to 
IMPROMPTU. Vol. II. IMPROPERIA to PLAIN SONG. 
Vol. IIL PLANCH^ to SUMER IS ICUMEN IN. 
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Hanbury.— SCIENCE papers : chiefly Phannacologka! and 
Botanical. By Daniel' Hanbury, F.R.S. Edited, with 
Memoir, by J. Ince, F.L.S., and Portrait engratcd by C. H. 
Jeens. 8vo. 14J. 

Henslowi— THE theory of evolution of living 

THINGS, and Application of the Principles of Evblation to 

Religion considered as Illustrative of the Wisdom and Benefl- 

cence of the Almighty. By the Re¥. Gboege Hbhslow, 
M.A., F.L.S. Crown 8vo, 6j. 

Hooker. — Works by Sir J. D. Hooker, K.C.S.I., C.B., 
F.R.S., M.D., D.C.L.:— 

THE STUDENTS FLORA OF THE BRITISH ISLANDS. 
Second Edition, revised and improved. Globe 8vo. \os. 6<£ 
'* Certainly thi fullest a$ui most accuraU manual of the bind that 
has yet appeared, Dr, Hooker has shown his characteristic inebistry 
and ability in the care and skill which he has thrown into the 
characters of the plants. These are to a great extent original^ and 
are really admirable for their combination of clearness^ brevity ^ 
and completeness,** — Pall Mall Gazette. 

PRIMER OF BOTANY. With Illustrations. New Edition, 
revised and corrected. i8ma . \s„ 

Hooker and Ball.— JOURNAL OF A TOUR INMAROCCO 
AND THE GREAT ATLAS. By Sir J. D. Hooker, K.C.S.I., 
C.B., F.R.S., &c., and John Ball, F.R.S. With Appendices, 
including a Sketch of l^e Geology of Marocco. By G. Maw, 
F.L.S., F.G.S. With Map and Ulustratibns. Svo. 2ix. 
" This iSf without doubt, one of the most interesting and valuabh 
books of travel published for many years, ** — S pectator. 

Huxley and Martin.— a COURSE OF PRACTICAL IN- 
STRUCTION IN ELEMENTARY BIOLOGY. By T. H. 
Huxley, LL.D., P.R.S., assisted by H. N. Martin, M.A., 
F.R.S., M.B., D.Sc, Fellow of Christ's College, Cambridge. 
Crown 8vo. 6s, 
** This is the most thoroughly valuable hook to teachers and students 

of biology which has ever appeared in the English tongue," — 

London Quarterly Review. 

Huxley (Professor). — Works by T. H. Huxley, ll.d., 

P.R.S. 
lay sermons, ADDRESSES, AND REVIEWS. New 
and Cheaper Edition. Crown Svo. ^s. 6d, 

Fourteen Discourses on the following subjects: — (i) On the Advisable^ 
ness of Improving Natural ITmnuledge :-~-{2) Emancipation — 
Black and White : — (3) A Liberal Education, and where to find 
^..—(4) ScientificEducation:—(S) On the Educational Value of 
the Natural History Sciences :— (6) On the Study of Zoology:^ 
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Hoxlcy (Professor)— f^„/i!««^^. 

(7) On the Physical Basis of I^e>-^%) Thi SHenHfic Aspects of 
PositnnsM:'-{9) On a Piece of Ckalk:-'{lo) GetOogicai Contem- 
foramUy and Persistent Types of Life:--{l\) Geoiogicai Reform:— 
(12) The Origin 0/ Species .'—{i^) Criticisms on the *' Origin of 
SpKies:"— ( 14) On Descartei * * Discourse tcmching the Method of 
using Onis Reason rightly and of seeking Scientific Truth," 

ESSAYS SELECTED FROM "LAY SERMONS, AD- 
DRESSES, AND REVIEWS.'' Second Edition. Crown 8m is, 
CRITIQUES AND ADDRESSES. 8vo. los. 6d. 

Contents: — i. Administrative Nihilism, 2. The School Boards: 
what they can do^ and what they may do, . 3.. 0« Medical Edu- 
cation. 4. Yeast, 5. On the Formation of Coal. 6. On Corcu 
and Coral Reefs. 7. On the Methods and Results of Ethnology. 
8. On some Fixed Points in BrMsh Ethnology, 9. Palceontology 
and the Doctrine of Evolution. 10. Biogenesis and Abiogenesis. 
II. Mr, DarwirCs Critics. 12. The Genealogy of Animals, 
13. Bishop Berkeley on the Metaphysics of Sensation, 

SCIENCE AND CULTURE AND OTHER ESSAYS. 8vo. 

los. 6d. 

The subjects dealt with, in the present collection, are, among others^ 
Universities Actual and Ideal, Technical Education, yoseph 
Priestley, the Border TerrUory between the Animal and Vegetftblt 
Kingdoms, Evolution in Biology, The coming of age of " The 
Origin of Species^** the connection of the Biolog^al Sciences with 
Medicine, and the Birmingham address which give its title to the 
volume. 

LESSONS IN ELEMENTARY PHYSIOLOGY. With numerous 
Illustrations. New Edition. Fcap. 8vo. 4r. 6d, 
* * Pure gold throughout. " — Guardian. * * UnquestionaMy the clearest 
and most complete elementary treatise on this subject that we possess 
in any language." — Westminster Review. 

AMERICAN ADDRESSES; with a Lecture on the Study of 
Biology. 8vo. 6s, 6d, 

PHYSIOGRAPHY: An Introduction to the Study of Nature. With 
Coloured Plates and numerous Woodcuts. New and Cheaper 
Edition. Crown 8vo. dr. 

" It would be hardly possible to place a more useful or suggestive 

book in the hands of learners and teachers, or one that is better 

calculated to make physiography a favourite subject in the science 

schools. " — Academy. 

INTRODUCTORY PRIMER. l8mo. u. [Science Pnmers. 

Jellet (John H., B.D.).— a TREATISE ON the 

THEORY OF FRICTION. By John H. Jellet, B.D., 
Senior Fellow of Trinity C(^ege, Dublin ; President of the Royal 
Irish Academy. 8vo. 8j. td. 
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Jones. — Works by Francis Jones, F.R.S.E., F.C.S., Chemical 
Master in the Grammar School, Manchester. 

THE OWENS COLLEGE JUNIOR COURSE OF PRAC- 
TICAL CHEMISTRY. With Preface by Professor RoscoE. 
New Edition. i8mo. With Illustrations. 2x. dd, 

QUESTIONS ON CHEMISTRY. A Series of Problems and 
Exercises in Inorganic and Organic Chemistry. i8mo. jj. 

Kiepert.— MANUAL OF ancient geography. Author- 
ised translation from the German of Heinrich Kiepert, Ph.D., 
Member of the Royal Academy of Sciences, Berlin, &c. Crown 
8vo. 5j. 

^'Altogether the English edition of the * Manual* will form an 
indispensable companion to Kieperfs ^ Atlas,^ now used in many 
of our leading schools,** — The Time^. 

Kingsley, — ^Works By Charles Kingsley, late Canon of West- 
minster. 
GLAUCUS: OR, THE WONDERS OF THE SHORE. 
New Edition, with numerous Coloured Plates. Crown 8vo. dr. 

SCIENTIFIC LECTURES AND ESSAYS. Crown 8vo. 6s. 

SANITARY AND SOCIAL LECTURES AND ESSAYS. 
Crown 8vo. 6x. 

MADAM HOW AND LADY WHY ; or, Lessons in Earth-Lore 
for Children. Illustrated. Crown 8vo. 6s, 

Landauer. — blowpipe analysis. By j. Landauer. 

Authorised English Edition, by James Taylor and W. E. Kay, of 
the Owens CoUege, Manchester. With Illustrations. Extra fcap. 
8vo. 4r. 6d, 

Landolt.— HANDBOOK OF THE POLARISCOPE AND 
its PRACTICAL APPLICATIONS. Adapted from the 
German Edition. By D. C. Robb, B.A., and V. H. Veley, 
B.A., F.C.S. With an Appendix by J. Steiner, F.CS. With 
Illustrations. Demy 8vo. loj. 6d. 

Langdon. — ^the application of electricity to 

RAILWAY working. By W. E. Langdon, Member of the 
Society of Telegraph Engineers. With numerous Illustrations. 
Extra fcap. Svo. 4^. 6d. 

** There is no officer in the telegraph service who will not profit by 
the study oj this book.** — Mining Journal. 

Lankester. — degeneration, a chapter in Darwinism^ 
By Professor E. Ray Lankester. F.R.S., Fellow of Exeter 
College, Oxford. With Illustrations. Crown Svo. 2s. 6d, 

[Nature Series, 
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Lockyer (J. N.). — Works by J. Norman Lockyer, F.R.S.— 

ELEMENTARY LESSONS IN ASTRONOMY. With nu- 

merous Illustrations. New Edition. Fcap. 8vo. 5j. ^d. 

" The book is full, clear, sound, and worthy of attention, not only as 

a popular exposition, but as a scientific ^ Index, ^^ — Athenaeum. 

THE SPECTROSCOPE AND ITS APPLICATIONS. By'j; 
Norman Lockyer, F.R.S. With Coloured Plate and numerous 
Illustrations. Second Edition. Crown 8vo. 3^. 6d, [Nature Series. 

CONTRIBUTIONS TO SOLAR PHYSICS. By J. Norman 
Lockyer, F. R. S. I. A Popular Account of Inquiries into the 
Physical Constitution of the Sun, with especial reference to Recent 
Spectroscopic Researches. II. Communications to the Royal 
Society of London and the French Academy of Sciences, with 
Notes. Illustrated by 7 Coloured Lithographic Plates and 175 
Woodcuts. Royal 8vo. cloth, extra gilt, price 31J. 6d, 

PRIMER OF ASTRONOMY. With IllustraUons. iSmo. is. 



Lockyer and Seabroke.—STAR-GAZING; PAST and 

PRESENT. An Introduction to Instrumental Astronomy. By 
J. N. Lockyer, F.R.S. Expanded from Shorthand Notes of a 
Course of Royal Institution Lectures with the assistance of G. M. 
Seabroke, F.R.A.S. With numerous Illustrations. Royal 8vo. 21 j. 
*^A book of great interest and utility to the astronomical student. ^^ 
— Athenaeum. 

Lubbock. — Works by Sir John Lubbock, M.P., F.R.S., D.C.L., 
FIFTY YEARS OF SCIENCE. Being the Presidential Address 
delivered at York to the British Association, 1881. Third 
Edition. 8vo. 2s. 6d, 

THE ORIGIN AND METAMORPHOSES OF INSECTS. 
With numerous Illustrations. New Edition. Crown 8vo. 3^. 6d, 

[Nature Series. 

ON BRITISH WILD FLOWERS CONSIDERED IN RELA- 
TION TO INSECTS. With numerous Illustrations. New 
Edition. Crown 8vo. 4s, 6d, [Nature Series. 

SCIENTIFIC LECTURES. With Illustrations. 8vo. Ss, 6d. 
Contents: — Flowers and Insects — Plants and Insects — Tke 
Habits of Ants — Introduction to the Study of Prehistoric 
Archceology, <Sr»r. 

Macmillan (Rev. Hugh). — For other Works by the same 
Author, see Theological Catalogue. 
HOLIDAYS ON HIGH LANDS ; or. Rambles and Incidents in 

search of Alpine Plants. Globe 8vo, cloth, df. 
FIRST FORMS OF VEGETATION. Second Edition, corrected 
and enlarged, with Coloured Frontispiece and numerous Illustra- 
tions. Globe 8vo. 6s. 

n 
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Pennington.— NOTES ON THE barrows and bone 

CAVES OF DERBYSHIRE. With an account of a Descent 
into Flden Hole. By RooKE Pennington, B.A., LL.B., 
F.G.S. Svo. 6j. 

Penrose (F. C.)— on a method of predicting by 

GRAPHICAL CONSTRUCTION, OCCULTATIONS OF 
STARS BY THE MOON, AND SOLAR ECLIPSES FOR 
ANY GIVEN PLACE. Together with more rigorous methods 
for the Accurate Calculation of Longitude. By F. C. Penrose, 
F.R.A.S. With Charts, Tables, &c. 4to. I2r. 

Perry.— AN elementary treatise on steam. By 

John Perry, B.E., Whitworth Scholar; Fellow of the Chemical 
Society, late I^ecturer in Physics at Clifton College. With 
numerous Woodcuts, Numerical Examples, and Exercises. New 
Edition. i8mo. 4^. dd, 

Pickering.— ELEMENTS OF PHYSICAL MANIPULATION. 
By E. C. Pickering, Thayer Professor of Physics in the Massa- 
chusetts Institute of Technology. Part I., medium Svo. \2s, (hL 
Part II., 14?. 

*' When finished * Physical Manipulalion^ will no doubt be con- 
sidered the best and most complete text-book on the subject of 
which it treats.** — Nature. 

Prestwich.— THE past and future of geology. 

An Inaugural Lecture, by J. Prestwich, M.A., '^.R.S,, &c.. 
Professor of Geology, Oxford. Svo. 2j. 

Rendu.— THE theory of the glaciers of savoy. 

By M. LE Chanoine Rendu. Translated by A. Wells, Q.C, 
late President of the Alpine Club. To which are added, the Original 
Memoir and Supplementary Articles by Professors Tait and Rus- 
KIN. Edited with Introductory remarks by George Forbes, B.A., 
Professor of Natural Philosophy in the Andersonian University, 
Glasgow. Svo. 7x. 6d, 

Richardson— THE FIELD OF DISEASE: a Book of 
Preventive Medicine. By B. W. Richardson, M.D., F.R.S., 
F.R.C.P., Hon. Physician to the Royal Literary Fund ; Author 
of "Diseases of Modem Life," "On Alcohol," &c. Svo. 25^. 

Romanes.— ORGANIC evolution, the scientific 

EVIDENCES OF. By G. J. Romanes, M.A., F.R.S. Crown 
Svo. 2x. 6d, [Nature Series, 

RoSCOe. — Works by Henry E. Roscoe, F.R.S., Professor of 

Chemistry in the Victoria University, the Owens College, 

T^anchester **~~* 

LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC 

AND ORGANIC. With numerous Illustrations and Chrome- 
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RoSCOe — continued. 

litho of the Solar Spectrum, and of the Alkalis and Alkalme 
Earths. New Edition. Fcap. 8vo. 4J. 6rfl 

CHEMICAL PROBLEMS, adapted to the above by Professor 
Thorpe, New Edition, with Key. 25. 

** IVe unhesitatingly pronounce it the best oj all our elementary 
treatises on Chemistry ^ — Medical Times. 

PRIMER OF CHEMISTRY. Illustrated. i8mo. \s. 

Roscoe and Schorlemmer. — a TREATISE ON CHE- 
MISTRY. With numerous Illustrations. By Professors 
Roscoe and Schorlemmer. Vols. I. and II. Inorganic 
Chemistry. 

Vol. I., The Non-metallic Elements. 8vo. 2.1s 

Vol. II., Part I. Metals. Svo. \%s. 

Vol. II., Part II. Metals. Svo. \%s, 
VoL III. Organic Chemistry. 

Part I. The Chemistry of Hydrocarbons and their Derivatives. 
Svo. 2 1 J. 

Part II. in the press, 

*^ Regarded as a treatise on the Non-metallic Elements^ there can be 
no doubt that this volume is incomparably the most satisfactory one 
of which we are in possessions^ — Spectator. 

** // would be difficult to praise the work too highly. All the merits 
which we noticed in the first volume are conspicuous in the second. 
The arrangement is clear and scientific; the facts gained by modern 
research are fairly represented and judiciously selected; and the 
style throughout is singularly lucid.*^ — Lancet. 

Rumford (Count). — the life and complete works 

OF BENJAMIN THOMPSON, COUNT RUMFORD. With 
Notices ot his Daughter. By George Ellis. With Portrait. 
Five Vols. Svo. 4/. 14^. 6d. 

Schorlemmer.— A manual of the chemistry of 

THECARBON COMPOUNDS OR ORGANIC CHEMISTRY. 
By C. Schorlemmer, F.R.S., Professor of Chemistry in the 
Victoria University, the Owens College, Manchester. Svo. 14$". 
**// appears to us to be as complete a manual of the metamorphoses of 

carbon as could be at present produced, aftd it must prove eminently 

useful to the chemical student. ^^ — Athenaeum. 

Shann.— AN elementary treatise on heat, in 

RELATION TO STEAM AND THE STEAM ENGINE. 
By G. Shann, M. A. With Illustrations. Crown Svo. 4f. (id. 

Siemens — ON THE CONSERVATION OF SOLAR 
ENERGY : a Collection of Papers and Discussions. By Sir 
C. William Siemens, F.R.S., D.C.L., LL.D., Ph.D., Mem. 
Inst. C.E. With Illustrations. Demy Svo. ^s. 
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Smith. — Works by J. Smith, A.L.S., ex-Curator of th« Royal 
Botanic Garden, Kew. 

HISTORIA FILICUM : An Exposition of the Nature, Number, 
and Organography of Ferns, and Review of the Principles 
upon which Genera are founded, and the Systems of Classification 
of the principal Authors, with a new General Arrangement, &c. 
With Thirty Lithographic Plates by W. H. FiTCH, F. L. S. Crown 
8vo. I2f. 6^. 

** No one anxious to work up a thorough knewlidge of ferns can 
afford to do without it^ — Gardener's Chronicle. 

ECONOMIC PLANTS, A DICTIONARY OF : THEIR HIS- 
TORY, PRODUCTS, AND USES. 8vo. i+r. 

DOMESTIC BOTANY : An Exposition of the Structure and 
Classification of Plants, and their Uses for Food, Clothing, 
Medicine, and Manufacturing Purposes. With Illustrations. 
New Issue. Crown 8vo. I2s. dd. 

South Kensington Science Lectures. 

Vol. I. — Containing Lectures by Captain Abney, F^S., Professor 
Stokes, Professor Kennedy, F. J. Bramwell, F.R.S., Pro- 
fessor G. Forbes, H. C. Sorby, F.R.S., J. T. Bottomley, 
F.R.S.E., S. H. Vines, B.Sc, and Professor Carey Foster. 
Crown Svo. 6j. 

Vol. II.— Containmg Lectures by W. Spottiswoode, P.R.S., Prof. 
Forbes, H. W. Chisholm, Prof. T. F. Pigot, W. Froude, 
F.R.S., Dr. Siemens, Prof. Barrett, Dr. Burden-Sander- 
son, Dr. Lauder Brunton, F.R.S., Prof. McLeod, Prof. 
RoscoEjF.R.S., &c. Crown Svo. ts. 

Spottiswoode.— POLARIZATION OF LIGHT. By W. 
Spottiswoode, late President of the Royal Society. With 
numerous Illustrations. Third Edition. Cr. Svo. y. 6d, (Nature 
Series.) 

" The iilustratians are exceedingly well adapted to assist in making 
the text comprehensible,^^ — Athenaeum. **-<4 clear^ trustworthy 
manual, " — Standard. 

Stewart (B.). — Works by Balfour Stewart, F.R.S., Prcrfiessor 
of Natural Philosophy in the Victoria University, the Owens 
College, Manchester: — 
LESSONS IN ELEMENTARY PHYSICS. With numerous 
Illustrations and Chromolithos of the Spectra of the Sun, Stars, 
and Nebulse. New Edition. Fcap. Svo. 4^. ^. 

The Educational Times calls this the beau-ideal of a scimtific text- 
book ^ clear ^ accurate y and thorough ^ 
PRIMER OF PHYSICS. With Illustrations. New Edition, with 
Questions. iSmo. \s. 



PHYSICAL SCIENCE, 23 



Stewart and Tait.— the unseen universe: or, 

Physical Speculations on a Future State. By Balfouk Stewart, 
F.fLS., and P. G. Tait, M. A. Sixth Edition. Crown 8to. 6j. 

" Tke book is one which Vfell datrves the attention of thoughtful and 
religious readers. , . , It is a perfectly sober inquiry y on scientific 
grounds y into the possibilities of a future existence" — Guardian. 

Stone.— ELEMENTARY LESSONS ON SOUND. By Dr. 

W. H. Stone, Lecturer on Physics at St. Thomas' Hospital. 
With lUnstrations. Fcap. 8vo. 3^. 6d. 

Tait— LECTURES ON SOME RECENT ADVANCES IN 
PHYSICAL SCIENCE. By P. G. Tait, M.A., Professor of 
Philosophy in the University of Edinburgh. Second edition, 
revised and enlarged, with the Lecture on Force delivered before 
the British Association. Crown 8vo. 9^. 

Tanner. — Works by Henry Tanner, F.C.S., late Professor of 
Agpicultural Science, University College, Aberystwith, Examiner in 
the Principles of Agriculture under the Government Department 
of Science. 
FIRST PRINCIPLES OF AGRICULTURE. i8mo. is. 

THE ABBOTT'S FARM; OR PRACTICE WITH SCIENCE. 
Crown 8vo. 3r. td. 

THE ALPHABET OF THE PRINCIPLES OF AGRICUL- 
TURE, being a First Lesson Book in Agriculture for Schools. 
Extra fcap. 8vo. 6d. 

FURTHER STEPS IN THE PRINCIPLES OF AGRICUL- 
TURE. Extra fcap. 8vo. is. 

ELEMENTARY SCHOOL READINGS IN THE PRINCIPLES 
OF AGRICULTURE FOR THE THIRD STAGE. Extra 
Fcap. 8vo. ij. 

ELEMENTARY LESSONS IN THE SCIENCE OF AGRI- 
CULTURAL PRACTICE. Fcap. 8vo. 3^. 6d. 

Taylor. — sound and music : a Treatise on the Physical 
Constitution of Musical Sounds and Harmony, including the Chief 
Acoustical Discoveries of Professor Helmholtz. By Sedley 
Taylor, M.A., late Fellow of Trinity College, Cambridge. With 
Illustrations. New Edition. Extra crown 8vo. &r. 6d. 

** In no previous scientific treatise do we retjumber so exhaustive and 
so richly illustrated a description of forms of vibration and of 
wave-motion in fluids^— Musical Standard. 

Thompson (Silvanus P.). — ELECTRICITY AND MAG- 
NETISM, ELEMENTARY LESSONS IN. By Silvanus 
P.Thompson, B.A., D.Sc, F.R.A.S., Professor of Experimental 
Physics in University College, Bristol. With Illustrations. New 
Edition. Fcap. 8vo. 4J. (id. 
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Thomson. — ^Works by Sir Wyville Thomson, K.C.B., F.R.S. 

THE DEPTHS OF THE SEA : An Account of the General 
Results of the Dredging Cruises of H.M.SS. "Porcupine" and 
" Lightning '' during the Summers of lS68-69 and 70, under the 
scientific direction of Dr. Carpenter, F.R.S., J. Gwyn Jeffreys, 
r.R.S., and Sir Wyville Thomson, F.R.S. With nearly 100 
Illustrations and 8 coloured Maps and Plans. Second Edition. 
Royal Svo. cloth, gilt. 31J. 6^. 

The Athenaeum says : " Tke book is full of Mteresting maUer^ and 
is lurilten by a master of the art of popular exposition. It is 
excdlently illustrated^ both coloured maps and woodcuts possessing 
high merit.** 

THE VOYAGE OF THE " CHALLENGER."— -THE ATLAN- 
TIC. A Preliminary account of the Exploring Vojrages of H.M.S. 
"Challenger," during the year 1873 ^^'^ ^^ early part of 1876. 
With numerous Illustrations, Coloured Maps & Charts, & Portrait 
of the Author, engraved by C. H. Jeens. 2 Vols. Medium 8vo. 45 j. 

The Times says: ** The paper, printing, and especiaUy. the numerous 
illustraiionsy are of the highest qucuity, . . . fVe have rarely^ if 
ever, seen more beautiful specimens of wood engraving than abound 
in this work, , , . Sir Wyville Thomson* s style is particularly 
attrctctive ; he is easy and grctcejul, but vigorous ana exceedingly 
happy in the choice of language, and throughout the iw>rk there 
are touches which show that science has not banished sentiment 
from his bosom J* 

Thudichum and Dupr6. — a TREATISE ON THE 

ORIGIN, NATURE, AND VARIETIES OF WINE. 
Being a Complete Manual of Viticulture and CEnology. By J. L. 
W. Thudichum, M.D., and August DuPRfe, Ph.D., Lecturer on 
Chemistry at Westminster Hospital. Medium Svo. cloth gilt. 2$s, 

** A treatise almost unique for its usefulness either to the wine-grower, 
the vendor, or the consumer of wine. The analyses of wine are the 
most complete we have yet seen, exhibiting at a glance the constituent 
principles of nearly all the wines known in this country** — ^Wine 
Trade Review. 

Tylor.— ANTHROPOLOGY : an Introduction to the Study of 

Man and Civilization. By E. B. Tylor, D.C.L., F.R.S. With 

numerous Illustrations. Crown Svo. *js, 6d. 

** 1/ all manuals were like this, a generation over educated for its 

intellect would have no reason to complain, , , , A most attractive 

and etttertaining introduction to the science of anthropology, , . . 

Bis writing is clear and luminous, and his arrangements masterly, 

, . . Mr, Tylor writes with as much caution as learning,** — 

Saturday Review 
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Vv allace (A. R.). — Works by Alfred Russel Wallace. 
THE GEOGRAPHICAL DISTRIBUTION OF ANIMALS, 
with a study of the Relations of Living and Extinct Faunas as 
Elucidating the Past Changes of the Earth's Surface. With Maps, 
and numerous Illustrations by Zwecker, 2 vols. 8vo. 42J. 
ISLAND LIFE; OR, THE PHENOMENA AND CAUSES 
OF INSULAR FAUNAS AND FLORAS, including a re- 
vision and attempted solution of the problem of geological 
climates. With Maps. 8vo. \%s, 
TROPICAL NATURE: with other Essays. 8vo. \2s, 

" Nowhere amid the many descriptions of the tropics that have been 
given is to he found a summary of the past history and actual 
pJietiomena 0/ the tropics which gives that which is distinctive of 
the phases of nature in them more dearly, shortly, and impres- 
sively" — Saturday Review. 

Warington. — the week of creation; or, the 

COSMOGONY OF GENESIS CONSIDERED IN ITS 
RELATION TO MODERN SCIENCE. By George War- 
INGTON, Author of ** The Historic Character of the Pentateuch 
Vindicated." Crown 8vo. 4J. 6d. 

Wilson. — RELIGIO CHEMICI. By the late George Wilson, 
M.D., F.R.S.E., Regius Professor of Technology in the University 
of Edinburgh. With a Vignette beautifully engraved after a 
design by Sir Noel Paton. Crown 8vo. 8j. 6d, 

Wilson (Daniel). — Caliban : a Critique on Shakespeare's 

"Tempest" and "Midsummer Night's Dream." By Daniel 

Wilson, LL.D., Professor of History and English Literature in 

University College, Toronto. 8vo. ioj. 6d. 

" 77te whole volume is most rich in the eloquence of thou9ht and 

imagination as well as of words. It is a choice contribution at 

once to science, theology, religion, and literature,^* — British 

Quarterly Review. 

Wright.— METALS AND THEIR CHIEF INDUSTRIAL 
APPLICATIONS. By C. Alder Wright, D.Sc, &c.. Lec- 
turer on Chemistry in St. Mary's Hospital School.. Extra fcap. 
8vo. 3J. td, 

Wright (Lewis). — LIGHT. A Course ot Experimental 
Optics, chiefly with the Lantern. By Lewis Wright. With 
nearly 200 Illustrations and Coloured Plates. Crown 8vo. 
7j. 6d, 

WurtZ.— A HISTORY OF CHEMICAL THEORY, from the 

Age of Lavoisier down to the present time. By Ad. Wurtz. 

Translated by Henry Watts, F.R.S. Crown 8vo. dr. 

" The discourse, as a r^sum^ oj chemical theory and research, unites 

singular luminousness and grasp, A few judicious notes are added 
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VJMTtZ— continued. 

by the translator .''-—^iSX Mall Gazette. " Tlie treaiment of the 
subject is adnnrtible, and the translator has evidemUy done his duty 
most efficiently,^^ — Westminster Review. 

Ziegler—Macalister— TEXT-BOOK OF pathological 

ANATOMY AND PATHOGENESIS. By Professor Ernst 
ZiEGLER, of Tubingen. Translated and Edited for English 
Students by Donald Macalister, M.A., M.B., B.Sc., Fellow 
of St. John's College, Cambridge. With numerous Illustrations. 
Medium 8vo. Part L— GENERAL PATHOLOGICAL ANA- 
TOMY. i2s, 6d. [Part IL in the press. 

SCIENCE PRIMERS FOR ELEMENTARY 

SCHOOLS. 

Under the joint Editorship of Professors Huxley, Roscoe, and 

Balfour Stewart. 

Introductory. By Professor Huxley, P.R.S. i8mo. \s. 

Chemistry By H. E. Roscoe, F.R.S., Professor of Chemistry 

in the Victoria University, the Owens Collie, Manchester. With 
numerous Illustrations. i8mo. \s. New Edition. With 
Questions. 

Physics.— By Balfour Stewart, F.R.S., Professor of 
Natural Philosophy in the Victoria University, the Owens College^ 
Manchester. With numerous Illustrations. i8mo. \s. New 
Edition. With Questions. 

Physical Geography. —By Archibald Geikie, F.R.S., 
Director General of the Geological Surveys of the United Kingdom. 
Widi numerous Illustrations. New Edition With Questions. 
l8mo. I J. 

Geology.— By Archibald Geikie, F.R.S. With numerous Illus- 
trations. New Edition. i8mo. cloth, ix. 

Physiology — By Michael Foster, M.D., F.R.S. With 
numerous Illustrations. New Edition. i8mo. \s. 

Astronomy.— By J. Norman Lockyer, F.R.S. With numerous 
Ilhistradons. New Edition. iSmo. u. 

Botany — By Sh- J. D. Hooker, K.C.S.I., C.B., F.R.S. With 
numerous Illustrations, New Edition. i8mo. \s. 

Logic— By Stanley Jevons, LL.D., M.A., F.R.S. New Edition. 
i8mo. I J. 

Political Economy.— By Stanley Jevons, LL.D., M.A., 
r.R.S. i8mo. \s. 

Others in preparation. 
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ELEMENTARY SCIENCE CLASS-BOOKS. 

Agriculture.— ELEMENTARY LESSONS IN AGRICUL- 
TURAL SCIENCE. By Professor H. Tanner, F.C.S.^ 

Examiner in the Principles of Agriculture under the Government 
Department of Science. Fcap. 8vo. 3^. 6J, 

Astronomy.— POPULAR ASTRONOMY. With Illustrations. 
By Sir G. B. Airy, K.C.B.» late Astronomer RoyaL New 
Edition. i8mo. 4r. td. 

Astronomy — elementary lessons in astronomy. 

With Coloured Diagram of the Spectra of the Sun, Stars, and 
Nebulae, and numerous Illustrations. By J. NoRMAN LoCKYER, 
F.R.S. New Edition. Fcap. 8vo. $3, 6d, 

questions on LOCKYER'S elementary LESSONS 
IN ASTRONOMY. For the Use of Schools. By John 
Forbes Robertson. i8mo, doth Ump. u. 6d, 

Botany — LESSONS IN ELEMENTARY BOTANY. By D. 
Oliver, F.R.S., F.L.S., Professor of Botany in University 
College, London. With nearly Two Himdred Illustrations. New 
Edition. Fcap. 8vo. 4J. 6d, 

Chemistry — LESSONS IN ELEMENTARY CHEMISTRY, 
INORGANIC AND ORGANIC. By Henry E. Roscoe, 
F.R.S., Professor of Chemistry in the Vict<M:ia University, the 
Owens College, Manchester. With numerous Illustrations and 
Cliromo-Litho of the Solar Spectrum, and of the Alkalies and 
Alicaline Earths. New Edition. Fcap. 8vo. 4f. 6d, 

A SERIES OF CHEMICAL PROBLEMS, prepared with 
Special Reference to the above, hj T. E. Thorpe, Ph.D., 
Professor of Chemistry in the Yorkshire College of Science^ Leeds. 
Adapted for the preparation of Students for the Government, 
Science, and Society of Arts Examinations. With a Preface by 
Professor Roscoe. New Edition, with Key. i8mo. 2j. 

Practical Chemistry — ^the OWENS COLLEGE JUNIOR 

COURSE OF PRACTICAL CHEMISTRY. By Francis 
Jones, F.R.S.E., F.C.S., Chemical Master in the Grammar School, 
Manchester. With Preface by Professor Roscoe, and Illustrations. 
New Edition. iSmo. 2s, 6d, 

Chemistry. — QUESTIONS ON. A Scries of Problems and 
Exercises in Inorganic and Organic Chemistry. By F. J0NBS> 
F.R.S.E., F.C.S. i8mo. 3J. 

Electricity and Magnetism. — By Silvanus P. Thompson, 

B.A., D.Sc, F.R.A.S., Professor of Experimental Phyj-ics in 
University College, Bristol. With Illustrations. Thurd Edition. 
Fcap. 8vo. 4J. 6d, 
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Elementary Science Class-books— ^(?;2//ffi^^. 
Physiology lessons in elementary physiology. 

With numerous Illustrations. By T. H. HuxLEY, F.R.S., Pro- 
fessor of Natural History in the Royal School of Mines. New 
Edition. Fcap. Svo. 4^. 6^. 

QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR 
SCHOOLS. By T. Alcock, M.D. i8mo. u. td. 

Political Economy — ^political economy for be- 

GINNERS. By Millicent G. Fawcett. New Edition. 
i8mo. 25, 6d. 

Logic— ELEMENTARY LESSONS IN LOGIC ; Deductive and 
Inductive, with copious Questions and Examples, and a Vocabulary 
of Logical Terms. By W. Stanley Jevons, LLD., M.A., 
F.R.S. New Edition. Fcap. Svo. y. 6d. 

Physics — ^LESSONS IN ELEMENTARY PHYSICS. By 
Balfour Stewart, F.R.S., Professor of Natural Philosophy in 
the Victoria University, the Owens College, Manchester. With 
numerous Illustrations and Chromo-Litho of the Spectra of the 
Sun, Stars, and Nebulae. New Edition. Fcap. Svo. 4;. 6(L 

QUESTIONS ON STEWART'S LESSONS IN ELEMENTARY 
PHYSICS. By Professor T. H. Core. i2mo. 2s, 

Anatomy — lessons in elementary anatomy. By 

St. George Mivart, F.R.S., Lecturer in Comparative Anatomy 
at St. Mary's Hospital With upwards of 400 Illustrations. Fcap. 
Svo. 6x. 6d, 

Mechanics — an elementary treatise. By a. By 

W. Kennedy, C.E., Professor of Applied Mechanics in University 
College, London. With Illustrations. [In preparation. 

Steam — an elementary treatise. By John Perry, 
B.E., Whitworth Scholar; Fellow of the Chemical Society, Lec- 
turer in Physics at Clifton College. With numerous Woodcuts and 
Numerical Examples and Exercises. New Edition. iSmo. 4*. 6d. 

Physical Geography. ^ elementary lessons in 

physical geography. By A. Geikie, F.R.S., Director 
General of the Geological Surveys of the United Kingdom. With 
numerous Illustrations. Fcap. Svo. 4J. 6d. 

QUESTIONS ON THE SAME. u. 6d. 

FIELD GEOLOGY, OUTLINES OF. By the same Author. 
With numerous Illustrations. Third Edition. Fcap. Svo. 3x. td, 

GEOLOGY, ELEMENTARY LESSONS IN. By the same 
Author. [In preparation. 
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Elementary Science Class-books — continued. 

Psychology. — elementary lessons in psycho- 
logy. By G. Groom Robertson, Professor of Mental 
PhUosophy, &c., University College, London. \In preparation. 

Geography — CLASS-BOOK OF geography. By C. B. 

Clarke, M.A., F.G.S., F.R.S. New Edition, with eighteen 
coloured Maps. Fcap. 8vo. y. 

Moral Philosophy. — an elementary treatise. 

By Professor E. Cairo, of Glasgow University. [In preparation. 

Natural Philosophy.— natural PHILOSOPHY FOR 

beginners. By I. Todhunter, M.A., F.R.S. Part I. 
The Properties of Solid and Fluid Bo(Ues. i8mo. 3J. 6^. Part 
II. Sound, Light, and Heat. i8mo. y, 6d, 

The Economics of Industry.—- By A. Marshall, M.A., 
late Principal of University College, Bristol, and Mary P. 
Marshall, late Lecturer at Newnham Hall, Cambridge. Extra 
fcap, 8vo. 2J. 6d, 

Sound — AN ELEMENTARY TREATISE. By Dr. W. H. 
Stone. With Illustrations. i8mo. 3^. 6d, 

Electricity and Magnetism. — ABSOLUTE measure- 
ments IN. By Andrew Gray, M.A., F.R.S.E., chief 
Assistant to the Professor of Natural Philosophy in the University 
of Glasgow. Pott 8vo. y, 6d. 

Easy Lessons in Science. — Edited by Professor W. F. 
Barrett. 
I. HEAT. By C. A. Martineau. Illustrated. Extra fcap. 
8vo. 2j. 6ci, 
II. LIGHT. By Mrs. W. Awdry. Illustrated. Extra fcap. 
8vo. 2s, 6d, 

Others in Preparation, 

MANUALS FOR STUDENTS. 

Crown 8vo. 

Cossa. — GUIDE TO THE STUDY OF POLITICAL 
ECONOMY. By Dr. Luigi Cossa, Professor of Political 
Economy in the University of Pavia. Translated from the Second 
Italian Edition. With a Preface by W. Stanley Jevons, F.R.S. 
Crown 8vo. 4^. 6d, 

Dyer and Vines the structure of plants. By 

Professor Thiselton Dyer, F.R.S., assisted by Sydney 
Vines, B.Sc, Fellow and Lecturer of Christ's College, Cambridge. 
With numerous Illustrations. [In preparation. 
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Manuals for Students — trntHnimL 

Pawcett— A MANUAL OF POLITICAL ECX)NOMY. By 
Right Hon. Henry Fawcett, M.?., F.R.S. New Edition, 
levised and enlaigcd. Crown 8yo. I2j. 

Fleischer.— A SYSTEM OF VOLUMETRIC ANALYSIS. 
Translated, with Notes and Additions, from die second German 
Edition, by M. M. Pattison Muir, F.R.S.E. VTvStk Blostra- 
tions. Crown 8vo. Js, 6k/. 

Flower (W. H.)— an introduction to the oste- 
ology OF the mammalia. Being the Suhttance of th« 
Course of Lectures delivered at the Royal CoU^e of Snigeons of 
England in 1870. By Professor W. H. Flowkr, F.R.S., 
F.K.C.S. With numerous Illustrations. New Edition, enlarged. 
Crown 8vo. los, 6d, 

Foster and Balfour. — ^the elements of embry- 
ology. By Michael Foster, M.A., M.D., LL.D., F.R.S., 

Professor of Physiology in the University of Cambridge, Fellow 
of Trinity College, Cambridge, and the late Francis M. Balfour, 
M.A., LL.D., F.R.S., Fellow of Trinity College, Cambridge, 
and Professor of Animal Morphology in the University. Second 
Edition, revised. Edited by Adam Sedgwick, M.A., Fettow 
and Assistant Lecturer of Trinity CoU^e, Cambridge, aiKl Walter 
Heape, Demonstrator in the Morphological Laboratory of the 
University of Cambridge. With Illustrations. Crown 8vo. 
los. 6d. 

Foster and Langley.— a COURSE OF ELEMENTARY 

PRACTICAL PHYSIOLOGY. By Professor Michael Foster, 
M.D., F.R.S., and J. N. Langley, M.A., F.R.S. New Edition. 
Crown 8vo. 7^. 6d, 

Frankland---AGRICULTURAL CHEMICAL ANALYSIS, 
a Handbook of. By Percy Faraday Frankland, Ph.D., 
B.Sc., F.C.S., Associate of the Royal School of Mines, and 
Agricultural Demonstrator of Practical Chemistry in the Normal 
School of Science and Royal School of Mines, South Kensington 
Museum Founded upon " Leitfaden fiir die Agricultur-Che- 
mische Analyse," von Dr. F. Krocker. Crown 8vo. yj. 6d. 

Hooker (Dr.)— the STUDENT'S flora of THE BRITISH 
ISLANDS. By Sir J. D. Hooker, K.C.S.I., C.R, F.R.S., 
M.D., D.C.L. New Edition, revised. Globe 8vo. loj, 6d, 

Huxley — PHYSIOGRAPHY. An Introduction to the Study of 
Nature. By Professor Huxley, F.R.S. With numerous 
Illustrations, and Coloured Plates. New and cheaper Edition. 
Crown 8vo. 6s, 
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Manuals for Students— roiiiffWiMd: 

Huxley and Martin — a COURSE OF PRACTICAL IN- 

STRUCTION IN ELEMENTARY BIOLOGY. By Professor 
Huxley, F.R.S., assisted l^ H. N. Martin, M.B., D.Sc. New 
Edition, revised. Crown 8vo. dr. 

Huxley and Parker.— elementary BIOLOGY. PART 

II. By Professor Huxley, F.R.S., assisted by T, J, Parker. 
With Illustrations. \In preparation. 

Jevons — By W. Stanley Jevons, LL.D., M.A, FJil.S. :— 

THE PRINCIPLES OF SCIENCE. A Treatise on L<^c and 
Scientific Method. New and Revised Edition. Crown 8vo. I2j. 6df. 

STUDIES IN DEDUCTIVE LOGIC. A Manual for Students. 
Crown 8vo. 6j. 

Kennedy.— MECHANICS OF machinery. By a. R W. 

Kennedy, M. Inst. C.E., Professor of Engineering and 
Mechanical Technology in University College, London. With 
Illustrations. Crown 8vo. \In the Press. 

Kiepert. — a manual of ancient geography. From 
the German of Dr. H. Kiepert. Crown 8vo. $s. 

Lang. — experimental physics. By P. R. Scott Lang, 
M.A,, Professor of Mathematics in the University of St. Andrews. 
Crown 8vo. [In preparation, 

Lankester. — a TEXT-BOOK of zoology. By Professor 
E. Ray Lankester, F.R.S. Crown 8vo. [In preparation, 

Martin and Moale.— on the dissection of verte- 

BRATE ANIMALS. By Professor H. N. Martin and W. A. 
Moale. Crown 8vo. [In preparation. 

Oliver (Professor) first book of Indian botany. 

By Professor Daniel Oliver, F.R.S., F.L.S., Keeper of the 
Herbarium and Library of the Royal Gardens, Kew. With 
numerous Illustrations. Extra fcap. 8vo. 6s. 6d. 

Parker.— A COURSE of instruction in zootomy 

(VERTEBRATA). By T. Jeffrey Parker, B.Sc. Lond., 
Professor of Biology in the University of Otago. With Illus- 
trations. Crown 8vo. . [In t^ Press. 

Parker and Bettany.—THE MORPHOLOGY OF THE 

skull. By Professor Parker and G. T. Bettany. Illus- 
trated. Crown 8vo. lox. 6</. 
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Manuals for Students — conHtmed. 

Robinson — marine surveying, an elementary 

TREATISE ON. Prepared for the nse of jroooger Nsval 
Officers, With Questions for Eiaminations and Exercises princi- 

gilly from the papers of the Royal Naval CoUc^ Widi Results, 
y Rev, John L. Robinson, Chaplain and Instructor to the 

Royal Naval College, Greenwich. With Illastrations. Crown 

8vo. 7/. 6^. 

Contents. — Symbols used in Charts and Surveying — TJU Con- 
sirucHon and Use of Scales^Laying off Angles— Fixing 
Positions by An^es — Charts and Chart-Urawing^InstruwusUs 
and Observing —Base Lines — Iriangulation — LeodUtsg — Tides 
and Tidal Observations — Soundings — Chronometers — Meri£am 
Distances — Method of Plotting a Survey — MisceUaneous Exer- 
cises — Index, 

Tait.— HEAT P. G, Tait, M.A., Sec. R.S.E. Formerly Fellow 
of St. Peter's College, Cambridge ; Professor of Natural Philosophy 
in the University of Edinburgh. Ulostrated. Crown 8vo. yx. 6</. 

Tyler.— ANTHROPOLOGY : An Introduction to the Study of Man 
and Civilization. By E. B. Tylor, M.A., F.R.S. Illustrated. 
Crown 8vo. yj. td. 

Other volumes of these Manuals will follow, 

SCIENTIFIC TEXT-BOOKS. 
Balfour. — a treatise on comparative ebibry. 

OLOGY. With Illustrations. By F. M. Balfouk, M.A., 
F.R.S., Fellow and Lecturer of Trinity College, Cambridge. In 
2 vols. 8vo. Vol. I. 1 8 J. Vol. II. 2is. 

Ball (R.S.jA.M.). — experimental mechanics, a 

Course of Lectures delivered at the Royal Collie of Science for 
Ireland. By R. S. Ball, A.M., Professor of Applied Mathema- 
tics and Mechanics in the Royal College of Science for Ireland. 
Royal 8vo. lOf. 6d, 

Brunton. — tables of materia MEDICA. a Companion 
to the Medica Museum. By T. Lauder Brunton, M.D., 
F.R.S., Editor of The Practitioner, &c. New Ed. 8vo. 10s. 6^. 

Brunton.— A TREATISE ON MATERIA MEDICA. By T. 
Lauder Brunton, M.D., F.R.S. Svo. [In preparation, 

Chalmers. — graphical determination of forces 

IN engineering STRUCTURES. By Jambs B. Chal- 
mbrs, C.E. With Illustrations. Svo. 24J. 

Clausius.— MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity College, Cambridge. Crown Svo. los, 6d, 
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Scientific Text- Books— r^«//««^dr. 

CottcrilL— A TREATISE ON APPLIED MECHANICS. 
By Jambs Cottbrill, M.A., F.R.S., Professor of Applitd 
Mechanics at the Royal Naval College, Greenwich. With IJlus- 
trations. 8vo. \In pretaratioti, 

Daniell,— A text-book of the principles of 

PHYSICS. By Alfred Daniell, M.A. Lecturer on Physics 
in the School of Medicine, Edinburgh. With Illustrations. 8vo. 
211. 

Fawcett— A MANUAL OF POLITICAL ECONOMY. By 
Right Hon. Henry Fawcett, M.P., F.R.S. New Edition, 
revised. With a Chapter ** On the Nationalisation of the Land," 
and an Index. Crown 8vo. izr. 

Foster.— A TEXT-BOOK OF PHYSIOLOGY. By Professor 
Michael Foster, M.D , F.R.S. With Illustrations. Fourth 
Edition, revised. 8vo. 21J. 

Gamgee.— A textbook of the physiological 

CHEMISTRY OF THE ANIMAL BODY. Including an 
account of the chemical cbanges occurring in Disease. By A. 
Gamgee, M.D., F.R.S., Professor of Phy^iology in the Victoria 
University, the Owens Co'lege, Manchester. 2 vols. 8vo. With 
Illustrations. Vol.1, i&r. [Vol, 11 in the Press. 

Gegenbaur. — elements of comparative ana- 
tomy. By Professor Carl Gegenbattr. A Translition by 
F. Jeffrey Bell, B A. Revised wiih Preface by Professor E. 
Ray Lankester, F.R.S. With numerous ILustrations. 8vo. 
zis, 

Geikie. — a textbook of GF:0L0GY. By Archibald 
GeiKIB, LL.D., F. R.S., Direcio -General of the Geological 
Surveys of the United Kingdom. With numerous Illustrations. 
Medium 8vo. 28j. 

** // is a manual worthy to take rank beside SacKs * Botany * or 
Hermann! s * Physiology ^ ' as a cotnplete elucidation of all the most 
fundamental ideas in the department of knowledge with which it 
deals, . . // will be clear to our readers from this brief analysis 
that Dr, Geikiis text-book must remain for some time to come the 
great digest of general geological authority and reasoning for the 
entire English-speaking wjrld" — St. James's Gazette. 

Gray. — structural botany, or, organography 

on the basis OF morphology. To which are added 
the principles of Taxonomy and I'hytpgraphy, and a Glpssary of 
Botanical Terms. By Professor Asa Gray, LL.D. 8vo. los, 6rf. 

C 
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Scientific Text-Books— ri7»/i»»A/. 

Miiller.— THE FERTILISATION OF FLOWERS. Bv Pro- 
fessor Hermann MiJLLSR. Translated and Edited by D* Arcy 
W. Thompson, B^A.» Scholar of Trinity College, Cambridge. 
With a Preface by Charles Darwin, F.R.S. With numerous 
Illustrations. Medium 8vo. 2ix. 

Newcomb.— POPULAR astronomy. By S. Nrwcomb, 
LL.D., Professor U.S. Naval Observatory. With 1 12 Illustra- 
tions and 5 Maps of the Stars. Second Edition, revised. 8vo. \%s, 

" // is unlike anything dse of its kindf and will ke of more use in 
circulating a knowledge of astronomy than nine-tenths of the books 
which have appear^ on the subject of late years*** — Saturday 
Review. 

Reulcaux.— THE kinematics OF MACHINERY. Out- 
lines of a Theory of Machines. By Professor F. Rrulkaux. 
Translated and Edited by Professor A. B. W. Kennedy, CE. 
With 450 Illustrations. Medium 8vo. 2ij. 

Roscoe and Schorlemmer. — inorganic chemis- 
try. A Complete Treatise on Inorganic Chemistry. By Pro- 
fessor H. E. Roscoe, F.R.S., and Professor C. Schorlemmer, 
F.R.S. With numerous lUostrations. Medium 8vo. V6L I. — 
The Non-Metallic Elements. 21s, Vol. II.— Metals. —Part L 
i8j. Vol. II.— Metals. Part IL i8j. 

ORGANIC CHEMISTRY. A complete Treatise on Organic 

Chemistry. By Professors Roscoe and Schorlemmer. With 

numerous Illustrations. Medium 8vo. Part L 21^. Part II. 
lis, 

Schorlemmer.— A MANUAL OF THE CHEMISTRY 
OF THE CARBON COMPOUNDS, OR ORGANIC 
CHEMISTRY. By C. Schorlemmer, F.R.S., Professor of 
Chemistry, the Victoria University, the Owens College, Manchester. 
With Illustrations. 8vo. 14X. 

Sidgwick.— THE PRINCIPLES OF POLITICAL ECONOMY. 
By Henry Sidgwick, M.A., Professor in Moral Philosophy in 
the University of Cambridge, Author of "The Methods of 
Ethics." 8vo. idf. 

Smith.— A DICTIONARY OF ECONOMIC PLANTS. Their 
History, Products, and Uses. By John Smith. 8vo. 14J. 

DOMESTIC BOTANY : An Exposition of the Structure and 
Classification of Plants, and their Uses for Food, Clothing, 
Medicine, and Manufacturing Purposes. By the same Author. 
With Illustrations. New Issue. Crown 8vo. 12S, 6d» 
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Thorpe and Riicker. — a treatise on chemical 

PHYSICS. By Professor Thorpe, F.R.S., and Professoi 
RuCKSRy of the Yorkshire College of Science. Illustrated. 8vo. 

\In preparation. 

Walker.— POLITICAL economy. By Francis A. Walker, 
M.A., Ph.D., Author of "The Wages Question," "Money," 
" Money in its Relation to Trade," &c. 8vo. lor. 6^ 

Ziegler — Macalister. — text-book of pathologi- 
cal anatomy and pathogenesis. By Professor 
Ernst Ziegler of Tubingen. Translated and Edited for English 
Students by Donald Macalister, M.A., M.B., B.Sc, Fellow 
of St. John's College, Cambridge. With numerous Illustrations. 
Medium 8vo. Part I.— GENERAL PATHOLOGICAL ANA- 
TOMY. I3J.&/. Part II.— SPECIAL PATHOLOGICAL 
ANATOMY. I2J. deL 

WORKS ON MENTAL AND MORAL 
PHILOSOPHY, AND ALLIED SUBJECTS. 

Aristotle.— AN introduction to ARISTOTLE'S 

RHETORIC. With Analysis, Notes, and Appendices. By E. 
M. Cope, Trinity College, Cambridge. 8vo. 14J. 

ARISTOTLE ON FALLACIES; OR, THE SOPHISTICI 
ELENCHI. With a Translation and Notes by Edward Postb, 
M.A.» Fellow of Oriel College, Oxford. 8vo. &. 6e/. 

THE METAPHYSICS, BOOK I. Translated into EngUsh 
Prose, with Marginal Analysis, and Summaxy of each Chapter. 
By a Cambridge Graduate. Demy 8vo. 5^. 

THE POLITICS. Translated by J. E. C. Welldon, M.A., 
Fellow of King's College, Cambridge, and Master of Dulwich 
College. Crown 8vo. lar. dd, 

Balfour. — a defence of philosophic doubt : being 
an Essay on the Foundations of Belief. By A. J. Balfour, 
M.P. 8vo. 1 2 J. 

^* Mr. Balfour's criticism is exceedingly brilliant and suggestive ^ — 
Pall Mall Gazette. 

** An able and refreshing contribution to one of the burning questions 
of the age, and deserves to make its mark in the fierce battle now 
raging between science and theology" — Athenaeum. 

Birks. — ^Works by the Rev. T. R. BlRKS, late Professor of Moral 
Philosophy, Cambridge : — 
FIRST PRINCIPLES OF MORAL SCIENCE; or, a First 
Course of Lectures delivered in the University of Cambridge- 
Crown 8vo. 8j. td. 
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Birks — continued, — 
MODERN UTILITARIANISM; or, The Systems of Paley, 

Bentham, and Mill, Examined and Compared. Crown 8vo. 6^. (yd, 
SUPERNATURAL REVELATION; or, First Principles of 

Moral Theology. 8to. %9. 

Qaird. — an introduction to the philosophy of 

RELIGION. By John Cairo, D.D., Principal and Vice- 
Chancellor of the University of Glasgow, and one dL Her Majesty's 
Chaplains for Scotland. 8vo. loj. 6^/. 

Caird.— A critical account of the philosophy 

OF KANT. With an Historical Introduction. By E. Caird, 
M.A., Prof, of Moral Philosophy in the University of Glasgow. 
8vo. i8j. 
Calderwood. — Works by the Rev. Henry Calderwood, M. A., 
LL.D., Professor of Moral Philosophy in the Univeikuty of Edin- 
burgh : — 
A HANDBOOK OF MORAL PHILOSOPHY, SUth Edidon. 
Crown 8vo. 6^. 

•M compact and useful work^ gvin§r over a great deal of ground 

in a manner adapted to suggest and facilitate further study. . . . 

His book will be an assistance to many students outside his own 

University of Edinburgh, — Guardian. 
THE RELATIONS OF MIND AND BRAIN. Second Edition, 
Revised and Enlarged, with additional Chapter on "Animal 
Intelligence." 8vo. I2s. 
'* Contains the suggestion of a principle which may prove to be 

capabli of explaining much thai is at present obscure in the relations 

between the mind and the body,** — Scotsman. 
THE RELATIONS OF SCIENCE AND RELIGION. Being 
the Morse Lecturer, i8So, connected with Union Theological 
Seminary, New York. Crown 8vo. $s. 

Clifford.— LECTURES AND ESSAYS. By the late Professor 
W. K. Clifford, F.R.S. Edited by Leslie Stephen and 
Frederick Pollock, with Introduction by F. Pollock. Two 
Portraits. 2 vols. 8vo. 25J. [See also page 2. 

" The Times of October 22nd says :^^*Many a friend of the author 
on first taking up these volumes and remembering his versatile 
genius and his keen enjoyment of all realms of intellectual activity 
must have trembled ^ lest they should be found to consist of fragmen- 
tary pieces of work^ too disconnected to do justice to his powers of 
consecutive reading, and too varied to have any effixt as a whole. 
Fortunately these fears are groundless, , . , It is not only in 
subject that the various papers are closely related. There is also a 
similar consistency of view and of method throughout, , , , It 
is in the social and metaphysical subjects tliat the richness of his 
intellect shows itself, most forcibly in the rarity and origincUUy of 
the ideas which he presents to us. To appreciate this variety it is 
accessary to read the book itself for it treats in some form or other 
of all tfie subjects of deepest interest in this ape of questioning** 
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''^iske. — OUTLINES OF COSMIC PHILOSOPHY, BASED 
ON THE DOCTRINE OF EVOLUTION, WITH CRITI- 
CISMS ON THE POSITIVE PHILOSOPHY. By John 
FiSKE, M.A., LL.B., formerly Lecturer on Philosophy at 
Harvard University. 2 vols. 8vo. 25J. 

" The work constitutes a very effective encyclopedia of the evqltUion- 
ary philosophy y and is well worth the study of all who wish to see 
at once the entire scope and purport of the scientific dogmatism of 
the day" — Saturday Review. 

Fowle.— A NEW ANALOGY BETWEEN REVEALED 
RELIGION AND THE COURSE AND CONSTITUTION 
OF NATURE. By Rev. T. W. Fowle, Rector of Islip, 
Oxford (Cellarius). Crown 8vo. 6s, 

Hatper.— THE metaphysics of the school. By the 
Rev. Thomas Harper (S.J.). In 5 vols. 8vo. Vol. I. 8vo. i8j. 
Voi II. 8vo. i&f. [Vol, I H. in the press, 

Herbert.— -THE realistic assumptions of modern 

SCIENCE examined. By T. M. Herbert, M.A., late 

Professor of Philosophy, &c., in the Lancashire Independent 

CoUege, Manchester. 8vo. 14J'. 

" Mr, Herbert* s work app^ears to us one of real ability and import- 
ance. The author has shown himself well trained in philosophical 
litercUure, and possessed of high critical and speculative pcrwer 5," — 
Mind. 

Jardine.— THE elements of the psychology of 

COGNITION. By Robert Jardine, B.D., D.Sc, Principal of 
the General Assembly's College, Calcutta, and Fellow of the Uni- 
versity of Calcutta. Crown 8vo. 6^. 6df. 

Jevons. — Works by the late W. Stanley Jevons, LL.D., 
M.A., F.R,S. :— 
THE PRINCIPLES OF SCIENCE. A Treatise on Logic and 
Scientific Method. New and Cheaper Edition, revised. Crown 
J5vo. 12^, 6^. 

^ No One in future ean he said to have any true knowledge of lifhat 
has been done in the wcty of logical and scientific method tti 
^n^land without having carefully studied Professor Jevon^ 
bpok," — Spectator. 

ELEMENTARY LESSONS IN LOGIC, DEDUCTIVE AND 
INDUCTIVE, With Questions, Examples, and Vocabulary of 
Logical Terms. New Edition. Fcap. 8vo. 3^. 6d, 

STUDIES IN DEDUCTIVE LOGIC, A Manual for Students. 
Crown 8vo. 6s, 

METHODS OF SOCIAL REFORM, and other Papers, Demy 
8vo. lor. 6d, 

PRJMER OF LOGIC, New Edition. i8mo, ?/, 
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Kant; — CRITIQUE OF PURE REASON. Centenary Trans 
lation. By F. Max Miller. With an Historical Introdaction 
by LuDWiG NoiRift. 2 vols. 8vo. 3zr. 

** ThroHgh this translation Kan^s work has for the first iinu heamu 
international— the common property of the whole world*** — ^Times. 

" Professor Max MUUer has here performed a sendee for his great 
countryman, which as years roll by, will be more and more recog- 
nised by our own countrymen as having supplied a new starting 
poititjor their thought- lives f and given them the means of account- 
ing to themselves for experience.** — British Quarterly Review. 

M'Cosh— Works by James M*Cosh,LL.D., President of Frinoetoo 

College, New Jersey, U.S. 

** lie certainly shows himsdf skUfiU in that appHeoHon of logic to 
psychology, in thai i$tductive science of the human mind wMch is 
the fine side of En^ish philosophy. His philosophy eu a whole is 
worthy of attention ** — Revue de Deux Mondes. 

THE METHOD OF THE DIVINE GOVERNMENT, Physical 
and Moral. Tenth Edition. 8va lor. 6d 

THE INTUITIONS OF THE MIND. A New Edition. 8vo. 
cloth, icxr. 6d, 

AN EXAMINATION OF MR. J. S. MILL'S PHILOSOPHY: 

Being a Defence of Fundamental Truth. Second edition, with 
additions. lOr. 6d, 

*^Such a work greatly needed to be done, and the author was the man 

to do it. This volume is important, not merdy in reference to the 

views oj Mr. MiU, but of the whole school of writers, past and 

present, British and Continental, he so ably represents.** — Princeton 

Review. 

THE LAWS OF DISCURSIVE THOUGHT : Being a Text- 
book of Formal Logic. Crown 8vo. 5^. 

CHRISTIANITY AND POSITIVISM : A Series of Lectures to 
the Times on Natural Theology and Apologetics. Crown 8va 
'js,6d. 

THE SCOTTISH PHILOSOPHY FROM HUTCHESON TO 
HAMILTON, Biographical, Critical, Expository. Royal 8vo. i6r 

THE EMOTIONS, Crown 8vo. 9J. 

Masson.— RECENT BRITISH PHILOSOPHY t A Review, 
with Criticisms ; including some Comments on Mr. Mill's Answer 
to Sir WUliam Hamilton. By David Masson, M.A., Professor 
of Rhetoric and English Literature in the University of Edinburgh. 
Third Edition, with an Additional Chapter* Crown 8vo. 6r. 
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We can nowhere point to a work which gives so clear an exposi* 
Hon of the course of philosophical specu&tion in Britain during 
• the past centwy, or which indicates so instructively the mutual in* 
/luences of philosophic and scientific thought. " — ^Fortnightly Review. 

Materialism^ Ancient and Modem. By a late Fellow 

of Trinitv College, Cambridge. Crown 8vo. 2s. 
In this small volume the writer deals in six chapters with Nature^ 
Ancient Materialism^ Modem Materialism, the Theory of Devdopflunt, 
the Hypothesis of an Intelligent Cause, and the Hypothesis of Self 
Existent McUter and Intelligence. 

Maudsley. — Works by H. Maudsley, M.D., Professor of Medical 

Tnrisprudence in University College, London. 
THE PHYSIOLOGY OF MIND ; being the First Part of a Third 

Edition, Revised, Enlai^ed, and in great part Re-written, of "The 

Physiology and Pathology of Mind. ' Crown 8vo. los. 6d. 
THE PATHOLOGY OF MIND. Revised, Enlarged, and in great 

part Re- written. ,8vo. iSs. 
BODY AND MIND : an Inquiry into their Connexion and Mutual 

Influence, specially with reference to Mental Disorders. An 

Enlaiqged and Revised edition. To which are added, Psydiological 

Essays. Crown Svo. dr. 6d. 

Maurice. — ^Works by the Rev. Frederick Denison Maurice, 
M. A., late Professor of Moral Philosophy in the University of Cam* 
bridge. (For other Works by the same Author, see Theological 
Catalogue.) 

SOCIAL MORALITY. Twenty-one Lectures delivered in the 
University of Cambridge. New and Cheaper Edition. Crown Svo. 
lOj. 6d. 

" JVkilst reading it we are charmed by the freedom from exclusiveness 
and prejudice, the large charity, the loftiness of thought, the eager* 
ness to recognise and appreciate whatever there is of real worth 
extant in the world, which animates it from one end to the other. 
We gain new thoughts and new ways of viewing things, even more, 
perhaps, from being brought for a time under the influence of so 
noble and spiritual a mind, — Athenaeum. 
THE CONSCIENCE : Lectures on Casuistry, delivered in the Uni- 
versity of Cambridge. New and Cheaper Edition. Crown Svo. 5j. 
The Saturday Review says: **We rise from them with detestcUion 
of all that is selfish and mean, and with a living impression that 
there is such a thing as goodness after all.** 
MORAL AND METAPHYSICAL PHILOSOPHY. Vol. I. 
Ancient Philosophy from the First to the Thirteenth Centuries ; 
VoL II. the Fourteenth Century and the French Revolution, with 
a glimpse into the Nineteenth Century. New Edition and 
Preface. aVol& Svo. 25J. 
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Paradoxical Philosophy.— a Sequel to "The Unseen Uni- 
verse." Crown 8vo. is. 6d, 

Picton.— THE MYSTERY OF MATTER AND OTHER 
ESSAYS. By J. Allanson Picton, Author of ** New Theories 
and the Old Faith." Cheaper issue with New Preface. Crown 
8vo. 6f. 

Pollock.— ESSAYS IN JURISPRUDENCE AND ETHICS. 
By Frederick Pollock, M.A., LL.D., Corpus Christi Pro- 
fessor of Jurisprudence in the University of Oxford, late Fellow 
of Trinity College, Cambridge. 8vo. lOr. 6d. 

Sidgwick.— THE METHODS OF ETHICS. By Henry 
SID6WICK, M. A., Professor in Moral Philosophy in the University 
of Cambridge. Second Edition, revised throughout, with impor- 
tant additions. 8vo. 14J. 
THE PRINCIPLES OF POLITICAL ECONOMY. Demy 8vo. 
i6x. 

The Alternative : a Study in Psychology. Crown 8vo. Zs. 6d. 
After having read about half of this work, Mr. Henry Sidgwick 
writes of it : ** I f^el no doubt that the book deserves the attention 
of ail students of philosophy from the amount of vigor ous^ precise, 
and indepettdent thinking it contains — thinking which appears 
to me generally consistettt so far as it has been completely developed. 
. . . . / also find the terse, forcible individuality of the style 
attractive" 

Thornton.— OLD-FASHIONED ETHICS, AND COMMON- 
SENSE METAPHYSICS, with some of their Applications. Bv 
William Thomas Thornton, Author of "A Treatise on Labour." 
8vo. lor. 6d. 

Thring (E., M.A.).— THOUGHTS ON LIFE-SCIENCE. 
By Edward Thring, M.A. (Benjamin Place), Head Master of 
Uppingham SchooL New Edition, enlarged and revised. Crown 
8vo. 7j. 6d. 

Venn. — Works by John Venn, M.A., Fellow and Lecturer of 

Gonville and Caius College, Cambridge. 
THE LOGIC OF CHANCE : An Essay on the Foundations and 

Province of the Theory of Probability, with especial reference to 

its logical bearings, and its application to Moral and Social Science. 

Second Edition, rewritten and greatly enlarged. Crown 8vo 

lor. 6d. 
SYMBOLIC LOGIC. Crown 8vo. los. 6d. 

Walker.— POLITICAL ECONOMY. By Francis A. Walker, 
M.A., Ph.D., Author of "The Wages Question,'* "Money," 
" Money in its relation to trade," &c. 8vo. lOf. 6d. 

Watson.— KANT AND HIS ENGLISH CRITICS. A Com- 
parison of Critical and Empirical Philosophy. By John Watson, 
M. A., LL.D., Professor of Moral Philosophy in Queen's University, 
Kingston, Canada. 8vo. 12s. 6d, 
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